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ON THE C*-ALGEBRAIC APPROACH TO TOPOLOGICAL 
PHASES EOR INSULATORS 


JOHANNES KELLENDONK 

Abstract. The notion of a topological phase of an insulator is based on the 
concept of homotopy between Hamiltonians. It therefore depends on the choice 
of a topological space to which the Hamiltonians belong. We advocate that this 
space should be the C'*-algebra of observables. We relate the symmetries of 
insulators to graded real structures on the observable algebra and classify the 
topological phases using van Daele’s formulation of A'-theory. This is related 
but not identical to Thiang’s recent approach to classify topological phases by 
AT-groups in Karoubi’s formulation. 


1. Introduction 

An insulator is described by a Hamiltonian with a gap in its spectrum. It may 
be subject to certain symmetries of order two. Inside a symmetry class insulators 
are grouped into topological phases. In fact, two insulators of the same symmetry 
type are in the same topological phase if their Hamiltonians can be continuously 
deformed into each other while preserving the symmetry and the gap. The delicacy 
of this notion lies in the question in which background space and with respect to 
which topology should continuous paths of Hamiltonians be considered. 

Often in the literature this question is considered from a slightly different point 
of view, namely from the point of vector bundles (this goes back to the early work 
on the Quantum Hall Effect [26], for recent mathematically advanced develop¬ 
ments see [6, 12]): It is supposed that the Hamiltonian hbers over the space of 
(quasi) momenta, called the Brillouin zone. The occupied states being separated 
by a spectral gap from the conducting states they dehne a vector bundle over the 
Brillouin zone. Topological phases are then dehned as the homotopy classes of 
these vector bundles with certain symmetries (or, depending on the point of view, 
pseudo-symmetries). Here homotopy between two vector bundles is considered 
inside a common larger bundle. This would be satisfactory if the assumption that 
the Hamiltonian hbers over momenta would always be satished. But disorder, 
which is indispensible to understand certain aspects of topological quantisation, 
distroys that hbration. 

Freed and Moore propose an answer which is inspired by the fact that insula¬ 
tors are usually described by Hamiltonians which are represented on some Hilbert 
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space l-i. They consider continuous paths in B{'H) or, more generally taking into 
account a variation of the Hilbert spaces, continuous paths in some bundle whose 
hbers are operators on some Hilbert space. The subtle issue is the topology to 
be considered. Equipped with the norm topology B{'H) is non-separable (if the 
dimension is inhnite) and its ii'-theory trivial. This makes ii'-theory rather use¬ 
less. Indeed, Freed and Moore propose to consider the compact open topology 
(topology of uniform convergence on compact subsets) which is close to the strong 
topology. This however makes index theory trivial (see their remark in [15]). Since 
index theory has proven very successful applied to insulators [25, 16] we would not 
like to dispense with it and therefore hnd the compact open topology unsuited. 
Also the weak topology destroys all topological information, as there would be too 
many continuous paths. Thus we need something better. 

In the spirit of describing physical systems (including those with disorder) by 
their C*-algebra of observables and their topology by the non-commutative topol¬ 
ogy of C*-algebras it is much more natural to consider an approach where homo- 
topy is considered in a C^-algebra. The difficulty here is to translate the notion of 
symmetry type from a symmetry which is represented on some Hilbert space to a 
symmetry on a C'*-algebra. Once this is achieved we can dehne homotopy in the 
C'*-observable algebra using the 0*-topology. This topology has proven useful in 
/C-theory and in index theory. The point is that a norm closed subalgebra of B{'H) 
may have much more structure than all of B{'H). In particular, in the examples 
we have in mind the C'*-algebras are separable. 

In some sense this is the approach proposed by Thiang [27]. He takes the 
symmetry into account by considering graded, twisted crossed products of the 
C'*-algebra by actions which may partly be given by anti-linear automorphisms. 
While this is very nice, I have difficulties to understand the physical interpretation. 
Neither is it properly argued for why this way of incorporating the symmetries is 
the correct one, nor precisely explained how the elements of the J’7-group he uses 
are related to insulators. We come back to Thiang’s approach after providing a 
rough overview of our approach which is based on van Daele’s formulation of K- 
theory. Indeed, van Daele’s formulation of TT-theory is so close to the problem of 
classifying topological phases that it could have been invented for this purpose. 

1.1. Short description of our approach. We start somewhat abstractly by 
cnsidering the (complex) C'*-algebra of observables A. Specihc examples exist, e.g. 
for the quantum Hall effect, or a quasicrystal, or other kinds of disordered systems 
described in the one-particle approximation. The observable algebra depends on 
the long range order properties of potential of the material; like periodicity or 
quasiperiodicity or randomness. It also depends on the external magnetic helds. 
But for the general theory we don’t need to know any details about A. Only one 
property is us important: there is a preferred family of representations of A so that 
the operation of complex conjugation on the Hilbert space of such a representation 
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may give rise to a natural real structure on A. This real structure will serve as a 
reference real structure. 

An abstract insulator is a self adjoint element h G A which has a gap in its 
spectrum at the Fermi energy which we hx to be at 0. In other words, the set of 
insulators with observable algebra A is the set of self-adjoint invertible elements 
of A which we denote Topological phases are dehned via homotopy in A^;^. 

If no symmetries are present, this is it. The topological phases are classihed by 
7ro(A^;^), the homotopy classes in An abstract functorial machinery applied 

to 7ro(A®;jj, ) turns it into a group, the iFo-group of the complex C*-algebra A. 

What about symmetries? In the C'*-aIgebraic approach symmetries are imple¬ 
mented by automorphisms of the algebra. A chiral symmetry is therefore imple¬ 
mented by a complex linear automorphism of order two 7 on A and an insulator 
with chiral symmetry is an element h G Af^^ which satishes 7(h) = —h. Auto¬ 
morphisms of order two are the nothing else than gradings: invariant elements 
are even and anti-invariant elements odd. The topological phases of chiral insula¬ 
tors are therefore classihed by the homotopy classes of odd elements in Af^^. The 
abovementionned machinery applied to these classes yields a group which is the 
iFi-group of the complex graded algebra (A, 7). 

Time reversal is implemented by an anti-linear automorphism of order two t on 
A and an insulator with time reversal symmetry is a self adjoint invertible element 
of A\ the t-invariant elements of A. These elements form a real C^-algebra. Now 
to describe topological phases of time reversal invariant insulators we have to look 
at homotopy in the set of self adjoint invertible elements the real algebra A'-, or, if 
there is also a chiral symmetry 7, in its subset of odd elements. The machinery of 
making a group now yields the Kq group of the real algebra A‘ or, in the presence 
of a chiral symmetry, the JFi-group of the graded real algebra (A‘, 7). Equivalently, 
instead of speaking about real algebras one may formulate these matters also in 
C*’'■-algebras (Real C*-algebras) (A, t) or (A, 7 ,t). 

Also particle hole exchange is implemented by an anti-linear automorphism of 
order two p on A. But now we are interested in insulators which transform as 
p{h) = —h under this exchange. Thus h is not in A*'. There is a trick: replace A 
by A (g) C/i, the complex Clifford algebra of one generator and extend p to p (g) [ 0,1 
where [ 0,1 is complex conjugation on C/i = C © C followed by exchange of the 
summands. The inclusion h i-A {h, —h) then maps an insulator which transforms 
as p{h) = —h to a p (g) lo^-invariant element and thus turns particle hole exchange 
into a genuine symmetry. Developing this further one Ends the iC 2 -gLoup of A'' as 
group associated with topological phases of insulators with particle hole symmetry. 

We study these iC-groups using van Daele’s formulation of iC-theory for graded 
real or complex Banach algebras [7]. We like his formulation because of its sim¬ 
plicity and similarity with insulators: In an only slightly oversimplihed way one 
may say that the elements of van Daele’s iC-group are insulators with symmetries. 
Furthermore, it treats even and odd JF-groups in a unihed manner. The recent 
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formulation of KO-theory by unitaries [5, 16] can be easily obtained from van 
Daele’s formulation. 

We have summarized so far the description of five cases, the results which the 
reader can hnd in Table 3. The famous classihcation in the 8 + 2-fold way will be 
obtained under further assumptions. 

The hrst of these assumptions is that the grading is an inner grading. This 
means that 7 (the chiral symmetry) is given by conjugation with a so-called grading 
operator T, a self-adjoint unitary of A (or the multiplier algebra of A in case the 
latter is not unital). Given that, we have to ask how T transforms under time 
reversal. If the only central projections of A are 0 and 1 (the Gelfand spectrum 
of the center of A is connected) then there are only the two possibilities that 
t(r) = ±r. These two possibilities (called real inner and imaginary inner) split 
the case of insulators with time reversal and chiral symmetry into two subcases. 

The second assumption is that the real structures (time reversal or particle hole 
exchange) are related in a specihc way to the reference structure f on the observable 
algebra coming from complex conjugation in its preferred representations. What 
we mean is that t (or p) is f followed by a conjugation with a unitary 0. The sign 
of f(0)0 can be interpreted as the parity (even / odd) of time reversal (or particle 
hole exchange). 

Taking the above two times two possibilites into consideration leads to the hner 
classihcation presented in Table 5 and Table 7. Applied to the strong invariants 
of a tight binding model (Table 8 ) or to the observable algebra A which we get 
if the disorder space G is reduced to one point and there is no external magnetic 
held, these tables correspond to the famous periodic table established in [23, 13]. 

1.1.1. Thiang’s approach. We summarize very shortly the elements of Thiang’s 
work [27] which have direct relevance to ours. The symmetries of the insulator 
determine a subgroup of what Freed and Moore call the GT-group [15]. This 
subgroup Q comes with two group homomorphisms 0, c : ^ Z 2 . Thiang imple¬ 

ments this symmetry on the G*-algebraic level by considering the twisted crossed 
product A = A X a,a- Q of a G*-algebra A with Q. A ought to depend on the 
additional structures, like periodicities or a disorder space and therefore seems to 
play a role comparable to the G*-algebra of observables, although it has to be a 
real G*-algebra in case there are real symmetries. The homomorphism 0 encodes 
whether a group element acts complex- or anti-linearly on A. This together with 
the parity of the real symmetries is taken into account by the action a and the 
twisting cocycle a. The other homomorphism c is interpreted as a grading on 
Q and therefore induces a grading on the crossed product A. Thiang’s and our 
approach share therefore a variety of features, but there are subtle differences. 
Thiang’s grading on the algebra comes from a grading of the symmetry group. In 
particular, the unitary corresponding to particle hole exchange is an odd element 
of his algebra and the spectrally flattened insulator is represented as a grading 
operator, hence an even element. In our approach, the grading is given by the 
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chiral symmetry, if such a symmetry is present, and the insulator appears as an 
odd element. 

Thiang defines his i^-group by considering homotopy classes of gradings on 
^-modules. More precisely, he considers hnitely generated projective graded A- 
modules {W, F). Here hF is a hnitely generated projective M-module and F a grad¬ 
ing operator on W such that the M-action becomes a graded action (the suggested 
interpretation is that F is the spectrally battened Hamiltonian). The elements 
generating Thiang’s iF-group are homotopy classes of triples (IF, F,Fo), where F 
and Fq are two grading operators which are compatible with the graded action on 
A and homotopy is considered w.r.t. the norm topology on the endomorphism ring 
of bounded linear maps on W {W is a Banach space whose topology ultimately 
comes from the norm topology on A). Thiang’s answer to the question posed 
above after the background space in which homotopy is considered is therefore 
the following: The space is the set of grading operators on W equipped with the 
norm topology. I hnd this construction far removed from the physical problem. 
Unfortunately [27] offers little explanation as to why W with its Banach topology 
is the correct object to look at from the point of view of physics. 

A better understanding of the precise relationship between Thiang’s and our 
approach is work in progress. 

2 . U^-ALGEBRAIC APPROACH TO TOPOLOGICAL INSULATORS 

The C'*-algebraic approach to topological insulators is based on the non com¬ 
mutative topology of the C'*-algebra of observables A of the insulator in the one- 
particle approximation. The construction of such a C'*-algebra for aperiodic and 
in particular disordered media was developped by Jean Bellissard in the eighties, 
inspired by the use of covariant families of (one-particle) Schrodinger operators in 
disordered systems. Bellissard used non-commutative topology to study the Gap- 
Labelling [1, 3] and the Integer Quantum Hall Effect [2] (which is a topological 
insulator without symmetry). Most of what follows won’t need the details of the 
construction, but only the discussion of two issues: the construction of a reference 
real form f on A and the triviality of the center of A. 

2.1. Observable algebra. A presentation of the details of the construction of 
the observable algebra can be found in [3]. We refer to [14] for details on the 
twisting related to variable magnetic helds but also to [11] for the link with non- 
commutative topology. 

A particular feature of the construction is that the medium is not described 
by a single configuration of its atoms, but that there is a whole set G of such 
conhgurations, the so-called hull of the medium, which is closed under the opera¬ 
tion of shifting the configuration in Euclidean space M'^. This can be understood 
in a probabilistic way, because we can say only with a certain probability that 
a specihc conhguration is the actual one, the (shift invariant ergodic) probability 
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measure on being part of the physical data (it can be seen as a choice of phase) 
[3]. Properties of the medium are then obtained as expectation values w.r.t. to 
the probability measure and so one does not study a single Hamiltonian but a 
whole family of Hamiltonians for each conhguration one. The different 

Hamiltonians are related through a so-called covariance relation. 

In our context it is very important is that hi can be equipped with a topology in 
which it is compact, and with respect to which the shift action a of the group of 
translations is continuous. There are several ways to understand this topology 
one being by interpreting an element a; G hi as a measure on and using the 
vague topology on measures [3]. For instance, one can attach to the position of an 
atom a Dirac measure and then take for uj the sum over all these Dirac measures, 
possibly weighted to take the atomic type into account. 

Internal degrees of freedom like spin or pseudo-spin can be incorporated by 
tensoring the above algebra with a hnite dimensional algebra M„(C). 

A conhguration dependent external magnetic held can be taken care of by 
means of a 2-cocycle a : R'^ x R"^ —)■ (7(12, S^) 

(T{x,y){u:) = exp(-i$^(0,x,x-F|/)) 

where d)^(a, b, c) is the hux of the magnetic held through the (oriented) triangle 
with corners {a, b, c}. For this we require that the dependence of the magnetic held 
on the conhguration u is such that the huxes $^(0, x,x + y) are continuous in D. 

Taking into account the above one is led to dehne the C^-algebra of observables 
as the twisted crossed product algebra 

A = C(Q,Mr,(C)) >^a,a 

Here the action on / G C(D,M„(C)) is by pull back ax{f){uj) = f{a~^{u)). 
A is the completion of the convolution algebra L^(R'^, (7(12, M„(C))) which has 
convolution product 

Fi*F 2 {x)= / Fi{y))ay{F 2 {x-y))a{x,x-y)dy 

Jr 

and ^-structure F*{x) = ax{F{—x))*. 

The algebra A is the abstraction of families of covariant operators like a group 
is the abstraction of its dehning representations. Indeed, given any twisted crossed 
product B Xy 3 ,-(7, any representation p of H on some Hilbert space l-i induces in a 
canonical way a representation ind[p] of B on L‘^{G,'H) [18]. Following this 

induction principle we can assign to each conhguration cu G D a representation 
of A on L^(R'^,C"') by combining the representation of C{Q, Mn{C)) with the 
representation of R'^ on L^(R'^, C"') [18] 

pM)^ix) = f{a-\uj))^{x) 

T^(a)T(a;) = a{x, a){uj)'^{x + a). 
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The (M„(C)-valued) integral kernel of 7ri^{F), F G Mn{C))), is then 

given by 

( 1 ) MF))xy = y - ^)(^) ^{y - x){a~\uj)). 

The family {7rcj(-F)}ajeo satisfies the covariance relation 

’r„.-(„)(U = UJx)nJF)UUx)-' 

where 

Ui^{a)'^{x) = a{a, x){uj) T(a: + a). 

Thus a covariant family of bounded Hamiltonians (or bounded functions of Hamil¬ 
tonians, like resolvants or heat kernels) corresponds to the family {7ru]{h)}u}(zQ for 
some self adjoint element h ^ A. With this in mind a Hamiltonian describing 
particle motion in the medium will be considered as an element of A. 

While A has many more representations (we even have to expect that its rep¬ 
resentations are unclassifiable) the above representations are from the physical 
perspective the natural ones. We will use these representations lateron to define a 
reference real structure on A. 

2.1.1. Tight binding approximation. The above description of the observable alge¬ 
bra is appropriate to describe covariant families of Hamiltonians which are differ¬ 
ential operators on M'^. Often Hamiltonians in the tight binding approximation 
are used, as they are technically simpler and the corresponding observable algebra 
unit ah 

The essential difference in the construction is the replacement of derivatives by 
difference operators. This is obtained by restricting the shift action to the so- 
called canonical transversal H of O. If we view the elements of O as point sets then, 
fixing an origin 0 G M'^, S is the subset of point sets cn G O which contain the origin. 
We make the common assumption that hi has finite local complexity, that is, given 
R > 0 the set {5^(0) flo; : cn G S} of possible intersections of the i?-ball at 0 with 
the configurations a; G fl, is finite (there are only finitely many local configurations 
of size R). Then S is a closed subset of hi whose topology admits a base of clopen 
sets which are in one to one correspondance to the local configurations of size R. 
Given a discrete subset P of i?/j(0) the set Gp = {cn G S : i?p(0)na; = P} is clopen 
and these sets define the topology. Restricting the action on G to S leads to 
an etale groupoid Q C G x and the observable algebra of the tight binding 
approximation is the groupoid C'*-algebra [10], possibly twisted by a cocycle to 
incorporate the magnetic field. We can dispense, however, to work with groupoids 
by reducing S further to a closed subset X on which the M'^-action induces a 
action. This is guaranteed by [22] and means effectively that we can identify in 
each configuration cu G G a (possibly distorted) lattice by inspection of the 
local configurations of a given finite size. It follows that the observable algebra for 
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the tight binding approximation is a crossed prodnct 

A = C(X,Mjv(C)) 

where X is a totally disconnected compact space on which Z'^ acts continnonsly. 
Here we have exclnded external magnetic helds^ since the examples we will discuss 
are invariant under a real symmetry and therefore incompatible with such helds, 
as we will argue below. 

A Hamiltonian in the tight binding approximation will thus be seen as a self 
adjoint operator h G C{X, Mm{G)) Xq, and, as in the case of M'^-actions, any 
conhguration cu G X gives rise to a representation of C{X, Mn{C)) Xq, Z'^ on 
so that the = 7r^{h) form a covariant family of operators describing 
the particle motion in the solid. 

The simplest case is when hi consists of the translates of a completely periodic 
conhguration u, that is, u is the periodic repetition of a hnite set of K points (the 
elementary cell). This yields the description of a crystal. Most models considered 
in the context of topological insulators are of that type. In this case hi is a d-torus 
and X can be taken to be a single point. The translation action induces on X the 
trivial action and A = Mn{C) Xid Z'^ = C(Z'^, Mn(C)). The isomorphism is given 
by the Fourier transform and Z'^ = is the dual group to Z'^ {j^rec jg 

reciprocal of the periodicity lattice). Though this is also a d-torus it should not 
be confused with hi, as this d-torus is in momentum space and corresponds to the 
Brillouin zone. A Hamiltonian h G A is thus a matrix valued function on Z*^ 

h{k) = 

k G Since X has only one point, the covariant family consists of one 

member only, namely 7iuj{h) = where • • -u^ are translation 

operators on f'^(Z'^, C^), notably uX{n) = —ej) is the translation in direction 

i. 

2.2. Disorder and triviality of the center. In the periodic case (crystal) the 
observable algebra A, or its multiplier algebra, has a center which usually corre¬ 
sponds to the continuous functions over the Brillouin zone. One of the features of 
disorder is that it distroys the Brillouin zone. In the algebraic language this means 
that center becomes trivial. We provide below a precise criterion for that. 

The multiplier algebra of the C'*-algebra A, denoted Ad (A), is the smallest 
unital C'*-algebra which contains A as an essential ideal. It is determined up to 
isomorphism and coincides with A if A has already a unit. We denote by Z{A) 
the center of Ad (A). This is the set of elements in Ad (A) which commute with 
all elements of A (and hence of Ad (A)). Z[A) is a unital commutative C'*-algebra 

^While there is no difficulty to include homogenuous external magnetic fields by means of 
cocycles, variable fields need more care in the tight binding approximation. 
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and as such is isomorphic to C{X{A)) for some compact Hausdorff space A!{A), 
its so-called Gelfand spectrum. Note that <A{A) is connected if Z{A) does not 
contain any non-trivial projection. Furthermore, Z{A) is trivial if and only if A 
admits a faithful irreducible representation. We will need the following result.^ 

Theorem 2.1. Let {A,G,a) be a C*-dynamical system where A is a separable 
C*-algebra and a a continuous action of a locally compact abelian group G. Let p 
be a representation of A. 

(1) If the intersection ideal flgec P ° the 0 ideal then the induced rep¬ 
resentation ind[p] of A ><iaG is faithful. 

(2) If the stabiliser Gp = {g E G : her p o ag = her p} is the trivial group then 

the induced representation ind[p] of A is irreducible. 

Proof. (1) Since the induced representations ind[p] and ind[poQ;g] of p and of poag 
are unitarily equivalent they have the same kernel and this kernel is also the kernel 
of the direct sum representation 0^^^ ind[p o o^]. Moreover 0^^^ ind[p o is 
the induced representation of 0ggc' P°^g- A® ^er 0ggc p^ag = flgsG P°(^g fhe 
representation ©.EG poag is faithful by assumption. Since induced representations 
of faithful representations are faithful we conclude that kerind[p] is trivial, that 
is, ind[p] is faithful. 

(2) This is a direct application of Thm. 1.7 of [9] applied to the representation 

p. □ 

Proposition 2.2. Let (X, G,a,cr) be a twisted dynamical system where X is a 
compact metrisable space, a a continuous action of a locally compact abelian group 
G, and a a twisting cocycle. 

(1) If X contains a dense orbit then the center Z(A) of the multiplier algebra 
of A = G{X) Xq o- G has connected Gelfand spectrum. 

(2) If X contains a free dense orbit then Z{A) = C. 

Proof. (1) Let p G Z{A) be a non-zero projection and p^ = 1 — p 0. Then 
G{X) can be written as a direct sum of abelian sub-algebras pG{X) (Bp'^G{X). It 
follows that X is the disjoint union of two compact subsets Xp and Xp±. Since p 
is central, it is G-invariant and hence Xp and Xp± are G-invariant. But any dense 
orbit intersects both. Hence p-^ = 0. 

(2) Let X be a point in a free dense orbit of X. If a is trivial then we apply 
the last theorem to the evaluation representation p = evx- Clearly, the orbit being 
dense implies that the intersection ideal flgeG P ° cng is trivial, and the orbit 
being free that the stabiliser Gp = {g E G -. kerp o ag = kerp} is trivial. By 
Thm. 2.1 the induced representation of eVx is a faithful irreducible representation 
oiG{X) x«G. 

^ A proof of the first assertion of the theorem in the case that A is commutative, but the action 
is twisted, can be found in [14]. I am thankful to Siegfried Echterhoff for discussions about this 
result and bringing Thm. 1.7 of [9] to my attention. 
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Suppose now that the twisting cocycle a is non-triviah By the Packer-Raeburn 
stabilisation trick [18] there exists an action a of G on /C (8) C{X) such that, 
1C®C{X) Xi(g)a,i(g)<TG is isomorphic to 1C®C{X) Xq,G and ag{lC®I) = lC®ag{I) for 
any ideal P of C{X). Applied to the prime ideal P = kerevx of C{X) we therefore 
hnd that the representation p = id<8)ena; satishes the assumptions of Thm. 2.1 and 
thus conclude that Z{1C ® A) is trivial. Finally the multiplier algebras of /C <8) A 
and of A have isomorphic center. □ 

Corollary 2.3. The C*-algebra of the Bernoulli shift has trivial center. 

Proof. The Bernoulli shift contains a free dense orbit. □ 

Since the Bernoulli shift is the prototype of a tight binding system with disorder 
we may expect that the observable algebra for a disordered system has trivial 
center. 

2.3. Abstract insulators. The observable algebra is a complex G*-algebra. If it 
is not unital we add a unit to it to obtain the minimal unitisation. 

Definition 2.4. Given an observable C*-algebra A an abstract insulator is a self- 
adjoint element h & A which is invertible. We denote these elements by Afff.^. 

The reasoning behing the definition should be clear: whenever we have a non¬ 
degenerate representation tt of A on some Hilbert space then 7r{h) is a self adjoint 
operator whose spectrum does not contain 0 and thus has a gap at energy 0. 
Assuming that the Fermi energy is at 0 (we work in the one-particle approximation 
and add a constant to move the Fermi energy to 0) 7r(h) would describe an insulator 
at low temperature. 

To motivate the G*-algebraic approach to topological phases of insulators let us 
consider a situation in which we ignore all symmetries. We say that two abstract 
insulators hi and ^2 belong to the same topological phase if they are homotopic 
in Afff. This then implies that in each representation the Hamiltonians 7iu}{hi) 
and vr^(/i 2 ) are homotopic, the homotopies preserving the covariance relation. For 
the ease of formulation we drop the adjective abstract and speak about insulators 
when we mean elements of A^ff. 

Our "classifying space" is thus This is just a set. In order to say 

something more about it it is turned into an abelian group. There is a formal way 
to do this: Consider M„(A) in place of A with homotopy in Mn{A)^fj^. Then the 
disjoint union 

S(A) := 

n 

is a semigroup under the operation [x] -|- [y] = [x ® y]. An application of the 
Whitehead lemma shows that addition is abelian. Apply the Grothendieck functor 
to this semigroup to get a group GS'(A). This is a universal abelian group which 
can be obtained as the quotient S'(A) x 5'(A)/ ~ where ([a^i], [j/i]) ~ ([ 2 ^ 2 ], [ 1 / 2 ]) 
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whenever there exists [z] G S{A) such that [xi] + [ 1 / 2 ] + [z] = [xq\ + [ 1 / 1 ] + [z]. 
Now dehne d : 5'(74) ^ M by (i([x]) = n if x E Mn{A). This is an additive 
map and by the functorial properties of the Grothendieck construction it induces 
a group homomorphism d : GS{A) —)■ Z. Van Daele’s it'o-group of A (in Roe’s 
reformulation [20]) is the subgroup 

herd = {[[x], [ 1 /]] G GS{A)\3n E N : x,y E Mn{A)}. 

It is isomorphic to KUo{A) the standard R'o-gi'oup of the ungraded complex G*- 
algebra A. We thus see how KUo{A) arrises directly from a standard construction 
in algebraic topology applied to the classifying space of topological phases. 

Note that we need a pair of insulators to dehne an element of ker d. By choosing 
the second insulator to be a trivial one we can assign to a single insulator an 
element of the group. Indeed, let e G be such a choice. Abstractly, e can be 
any element of A^^^, but physically we think of e as being a trivial insulator, that 
is, one which has strictly positive spectrum. This means that the entire spectrum 
of e lies above the Fernii-energy and hence no state is occupied. Now dehne an 
equivalence relation on follows. Two elements x E 

y E Mi{A)f^^ are equivalent (we write x^^ly) if x © e © • • • © e and 1 / © e © • • • © e 
are homotopic in Mm{A)f^^ for some large enough m. Then [x\e + [y]e = © y]e 

(we denote here equivalence classes for by [-je) dehnes an abelian semi-group 
structure on 

SM) ■■= 

\ n 

and the map kerd 3 [[x], [y]] 1 —)■ [[x]e, [y]^ dehnes an isomorphism between kerd 
and the Grothendieck group GSf.{A) of Se{A). Furthermore the map h 1 —)■ [[h], [e]] 
assigns to an insulator h an element of GSf.{A). This is van Daele’s version of van 
Daele’s iFo-group of A which depends on a choice of "basepoint" e. 

To be precise, the enlargement of the space and the equivalence relation lead 
to a diherent notion of phase, which we call extended topological phase. We say 
that two abstract topological insulators are in the same extended topological phase 
provided they define the same element in GSe{A), the K^-group of A. If S'e(A) has 
the cancelation property, that is, [xjg + [z]e = [y]e + [z]e implies [xjg = [y]e, then 
two abstract topological insulators are in the same extended topological phase if 
and only if after adding on trivial insulators they are homotopic (the homotopy 
preserving selfadjointness and invertibility). 

We should mention that there exist insulators which are in the same extended 
topological phase without being in the same topological phase. Kennedy and 
Zirnbauer have obtained a Bott periodicity result for unextended phases [12]. 

One more observation before we proceed with the detailed dehnitions. In a 
C'*-algebra A any invertible self adjoint element h is homotopic to a self-adjoint 
unitary, namely its sign sgn(h); this is referred to as spectral flattening in the 
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literature. As a result, we may replace in the definition of the group of extended 
topological phases self-adjoint invertibles by self-adjoint unitaries. 

3 . Graded G^-algebras and real structures 

The symmetries of topological insulators can mathematically most effectively be 
described using real structures and gradings. 

3.1. Graded G*-algebras. A short discussion on graded G*-algebras can be 
found in [4]. 

Definition 3.1. A grading on a (complex or real) C*-algebra A is a *- automorphism 
7 of order two. 

A graded G*-algebra (A, 7) is a G*-algebra A equipped with a grading 7. 7- 
invariant elements are called even and elements with 7(a) = —a are called odd. 
An element which is either even or odd is called homogeneous. A grading is called 
trivial (and the algebra ungraded) if 7 = id in which case there are only even 
elements. 

3.1.1. Clifford algebras. Most important for the present subject are the (real and 

complex) Clifford algebras. CC^s is fhe graded real G*-algebra generated by r 
self-adjoint generators ei, • • • , which square to 1, = 1, and s anti-self adjoint 

generators /i, • • • , fs which square to —1 and all generators anticommute pairwise. 
The grading is defined by declaring the generators to be odd. The complex Clifford 
algebras are the complexification of Clr,s, but due to the possibility of multplying 
the generators with i the distinction between r and s becomes irrelevant and so 
we denote C Cr Clr,s also by C/^+s- We denote all gradings on Clifford algebras 
simply by st as the context is always clear. 

We have C/i = C©C with grading given by exchange of the summands 0(a, b) = 
{b, a). Similarity G/ 1^0 = K © K with grading given by <f>, the odd generator being 
given by (1, —1). Finally G/ 0,1 = {C © C 3 (a, a)} with grading given by 0, the 
odd generator being given by (i, —i). 

We will make frequent use of the Pauli matrices 



which are always considered as self-adjoint elements. They allow for convenient 
descriptions of CI 2 and Clr,s with r + s = 2. Indeed, G/ 2,0 is generated by ax, ay, 
Cli^i by ax,iay, and G/ 0,2 by iax,iay. Furthermore CI 2 is generated by ax, ay as a 
complex Clifford algebra. In particular (02,st) = (M 2 (C), Adg-^) and (G/i_i,st) = 


(M2(R),Ad<,J. 
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3.1.2. Tensor products. We work with real and complex C*-algebras. A®B shall 
therefore mean the tensor prodnct over C in case both algebras are complex, bnt 
the tensor prodnct over M if one of the algebras is real. As a conseqnence, if A is 
a complex bnt B a real C^-algebra then A $§ i? is the tensor prodnct of A with 
the complexihcation of B. In particnlar A (g) Clr^s = A (g) CA+s provided A is a 
complex algebra. 

The algebra Mn{A) of n x n matrices with entries in A can be identihed with 
A (g) M„(R), as this is simply A (g) M„(C) provided A is complex. The standard 
way to extend a grading 7 from A to M„(A) is to apply it entry wise, i.e. as 7 (g) id 
on A (g) We denote this grading by 7 ^ or simply also by 7 if the context is 

clear. 

The graded tensor prodnct between two graded algebras will be written It 
can be nnderstood as the ordinary tensor prodnct as far as the linear strnctnre is 
concerned, bnt mnltiplication takes care of the Kosznl sign rnle: 

{ai®hi){a2®h2) = 

where |a| denotes the degree of the (homogeneons) element a. Fnrthermore the 
standard choice for the grading on the graded tensor prodnct is the prodnct grad¬ 
ing. A readily checked important example is the following: 

(2) St (g) St) = (C/r+r',s+s', St). 

Note that (i?i®i? 2 , 7 i ® 72 ) is isomorphic as a graded algebra to (i?i (g) i? 2 , 7 i <8 72 ) 
if one of the gradings is trivial. 

Recall that the qnaternions HI form a real C'*-algebra which is spanned as a 
vector space by We consider HI always as trivially graded. 

Lemma 3.2. We have 


(i) 

(H 0 

Clip 

,id 

0 

st) ^ 

(C/0,3, 

st) 

(2) 

(H 0 

Ck,i 

,id 

0 

st) ^ 

(C/3,0, 

st) 

(3) 

(H 0 

c/1,1 

,id 

0 

st) ^ 

(C/0,4, 

st) 

(4) 

(H 0 

c/2,0 

,id 

0 

st) ^ 

(C/1,3, 

st) 

(5) 

(H 0 

c/0,2 

,id 

0 

st) ^ 

(C/3,1, 

st) 

(6) 


0 Clx^SI 

st 

0 st) 

^ {Cl 

r+1,, 


Proof. We provide in each case a set of odd generators. The signs of the sqnares 
of these generators determine the resnlting Clifford algebra. (1) {ia^ ® e,io'y 0 
e, (g) e} where = 1. (2) 0 fpo'y 0 fpo'z ® /} where = —1. (3) 

{l0iay,iax0a'x,i<^y^<^xAO'z<S)crx}. (4) {l0ax,i<^x®cryA<^y^<^yAcrz^o'y}- (5) {10 
io'x, o'x0o'y, (Jy0(jy^ O'z0o'y}. (H) Is Eq.(3) wHch will be proven fnrtherdown. □ 

3.1.3. Balanced and inner gradings. A nsefnl description of the mnltiplier algebra 
A4(A) is the following. If vr is a faithfnl non-degenerate representation of A on 
some Hilbert space then the mnltiplier algebra of A is (isomorphic to) the set of 
operators T snch that To G vr(A) and aT G vr(A) for all a E A. Any antomorphism 
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and any anti-automorphism extends from A to M(A). In particular any grading 
of A extends to a grading on j\4(A). The minimal unitization of A is isomorphic to 
the C'*-algebra generated by irlA) and the identity operator on the Hilbert space. 

Definition 3.3. A grading on a C*-algebra is called balanced if its multiplier 
algebra contains an odd self-adjoint unitary e. 

A grading 7 is called inner if 'y = Adr for some self-adjoint unitary V in the 
multiplier algebra of A. The self-adjoint unitary T is called the generator of 'y or 
the grading operator. 

In the literature and in particular also in [4] an inner grading is referred to as 
an even grading. But since even / oddness is an abundant property for insulators 
we prefer to use the more intuitive word inner. 

The grading Ad^-^ on M 2 (C) or on M 2 (M) is inner; it is referred to as the standard 
even grading and we denote it also by st. 

Given (A, 7 ), besides the standard extension of 7 there is another important 
grading on M 2 (A) = A G) M 2 (M), namely 7 e^ := 7 G) st. Applied to 7 = id, that 
is, for trivially graded A, one obtains an inner grading on M 2 (A) which is called 
standard even grading on M 2 (A). 

Lemma 3.4 ([4]). If ji is an inner grading then (i?i®i? 2 , 7 i < 8 ) 72 ) is isomorphic 
as a graded algebra to {Bi 0 B 2 , 71 0 72 ). 

Proof. If T is a generator for 7 then 61 ( 8)62 0 62 defines a graded isomor¬ 
phism between {B 10 B 2 , 71 0 72 ) and {Bi 0 B 2 , 71 (8) 72 )- □ 

A simple application is the following: 

(3) (M 2 (M) ( 8 ) Ad^^ ( 8 )st) = {Clr+i,s+i,st) 

(4) (M 2 (C) 8 )C/n,Ad,^^ ( 8 )st) = (GG+ 2 ,st). 

If 7 is an inner grading we set n± = and A^.^ = n^An^/. 

Proposition 3.5. Let (A, 7 ) be a graded C*-algebra. 

(1) [7] Ifj is balanced then (M 2 (A), 72 ), {M 2 {A),'^ev) o,nd (A)^^/!^!, 7 ( 8 )st) are 
all isomorphic graded C*-algebras. If A is unital then (M 2 (A), 72 ) contains 
(< 7 / 2,05 st) ^s a subalgebra. 

(2) [4] 7/7 is an inner grading then 

(M 2 (A), 7 e^) = (A ( 8 ) G/ 1 , 1 , id 0 st). 

(3) Ifis balanced and inner then (M 2 (A), 72 ) = (A(^G/i 4 , id ( 8 ) st) more¬ 
over 

(A, 7 ) = (A++ ( 8 ) id ( 8 ) st). 
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Proof. ( 1 ) Suppose that A 4 (A) contains an odd self adjoint unitary e. Define 
the • M2{A) —)■ M2{A) 

V 

\ c a J \ ec ede J 


This map is easily seen a C'*-algebra isomorphism (it is its own inverse) and such 
that the o 7 = lev ° the- It follows that (M2(A),72) is isomorphic to (M2(A),7e^). 
Since lev is an inner grading, {M2{A), 'jev) = (^ <8) M2(M), 7 <8) st) is isomorphic as 
graded algebra to {A^Cli^i,i 0 st). Now if A is unital and hence e belongs to A 
then e®l and l®a;, x G generate a copy of C/2,1 which contains C/2,0 as a 
graded subalgebra. 

( 2 ) Let 7 = Adr with some self adjoint unitary T. Then {M2{A),'yev) = (A 8) 
M2(M),Adr®aJ- Let 

(5) 17 = i((l-r)8a, + (l + r)8l)) 


One verifies easily that U{r®az)U* = l8(Jz and hence Ad^/ induces a isomorphism 
between [A 8 M2 (M), Adngjo-;,) and {A 8 M2(M), id 8 Ad^-^). 

( 3 ) The spectral decomposition of T can be employed to decompose the elements 
of A into block form: 


A = 




If e G A 4 {A) is an odd self adjoint unitary of then en_|. = n_e and ell^ = Il+e. 


This allows to define ipe 


A++ A+_ 

A I A__ 


^ M2(A 


++J 


'tpe 


a b 
c d 


a be 
ec ede 


which provides a graded isomorphism between [A, 7) and (M2(A++), st) = (A++8 
0/17, id 8 st). □ 


Corollary 3.6. We have 

( 1 ) (M2(C) 8 0„, id 8 st) = (0„+2, st), if n > 1. 

( 2 ) (M2(M) 8 C/r,s, id 8 st) = (C/r+i,<i+i, st) ifr + s>l. 

Proof. Apply Prop. 3.5 to (M2(C), Ad,,-^) = (02,st) and to (M2(M), Ad,,-^) = 
((7/17,st) and then use ( 4 ), ( 3 ). (If r = 0 then Clo,s contains only an odd ele¬ 
ment e of square = — 1 , but we can still argue as in Prop. 3.5 if we take the to 
be conjugation with 1 © e.) □ 


3.2. Real structures on graded C*-algebras. 

Definition 3.7. A real structure on a complex graded C*-algebra (A, 7) is an 
anti-linear *-automorphism x of order two which commutes with the grading 7 
(and preserves the norm). 
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A transposition r : A —)■ A is a complex linear map of order two which ex¬ 
changes the order of prodnct (is an anti-homomorphism). There is a one to one 
correspondance between real strnctnres and transpositions, namely if r is a real 
strnctnre then r* : A —)■ A dehned by t*(a) := ^(a*) is a transposition. 

A complex C'*-algebra with a real strnctnre (A, r) is also referred to as a 
algebra^ or as a Real C'*-algebra (with npper case R). The r-invariant elements 
fnrnish a (graded) real C'*-algebra which we call the real snbalgebra of the 
algebra. 

We write (A, 7 , r) for a graded C'*’^-algebra and call the pair ( 7 , r) a graded real 
strnctnre for A. A graded real strnctnre is called balanced if the mnltiplier algebra 
of A contains an odd self-adjoint nnitary e which is r-invariant. 

An example of a real strnctnre is complex conjngation on C or complex conjn- 
gation of the entries of a matrix. We denote these real strnctnres by c. Note that 
they depend on the choice of base in which the matrix is represented. 

Let (A, r) and (A', r') be two C^-algebras with real strnctnres. Then r 0 r' is a 
real strnctnre on A 0 A' and 

(A 0 = A' 0 A'*^'. 

Indeed, we have A = A'^ -|- and hence A® A = ® A'^' -|- iA'^ ® A'^'. 

The standard way to extend a real strnctnre r from A to Mn{A) is entry wise. 
We write or simply r for this extension, if there is not danger of confnsion. 
Upon the identihcation of M„(A) with A (g) M„(M) (tensor prodnct over M!) the 
standard extension becomes r ® id. Bnt if we identify Mn{A) with A (g) Mn{C) 
(tensor prodnct over C) then the extension is r(g) c where c is complex conjngation 
on C. If n = 2 there will be another extensions of r to M 2 (A) which will play a 
role, namely r*’ which is, npon identihcation of M„(A) with A 0 M„(M) given by 
r 0 Adi^j,. 

3.2.1. Real Clifford algebras. We have dehned the real Clihord algebras above. 
They may be seen as the real snbalgebra of a graded C'*’’'-algebra whose algebra is 
a complex Clihord algebra. This is almost tantological, as CR+s = C 0 CR^s and 
so we may take c 0 id as the real strnctnre. More nsefnl for ns is to start with 
another realisation of CR and provide the real strnctnres. It will be snfhcient to 
do this for n = 1 and n = 2. 

Recall that the complex Clihord algebra (C/i,st) can be seen as (C © C, 0) 
where is the exchange of snmmands. Indeed (1,-1) is then its 

odd generator. There are two possible real strnctnres on CR which commnte with 
the grading R. 

(1) b^o = c, fhe complex conjngation. (C © C, <p, c) is a graded C*’’'-algebra 
whose real snbalgebra is (M © M, 0) = (C/ 1 , 0 , st), since (C © C)'^ = M © M. 

lot of the literature in the C*-algebra-community is written for C*-algebras equipped with 
transpositions and the expression ©"’’'-algebra is also used for that case. 
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(2) [04 = (j) o c, complex conjugation followed by exchange of the summands. 
Now (C©C)'^°‘^ = {C©C 3 (A,/i) : yU = A} and (C© 0 ) = (C/0,1, st) 

as the odd elements are purely imaginary and thus {i, —i) the generator 
(which squares to —1). 

Recall that the complex Clifford algebra (C/2,st) can be seen as (M2(C), Ado-^). 
There are three interesting real structures which commute with the grading Ado-^. 

( 1 ) [1,1 = c. We have M2{Cy = M2(M). Odd elements are thus real multiples 
of and iay and hence 

(A/2(C)SAd<,J ^ (M2(R),Ad.J ^ (C/1,1,St). 

( 2 ) l2,o = Ado-,^ o c. Now odd elements are real multiples of and ay and hence 

(M2(C)‘^CAd.J ^ (C/2,0,St). 

We remark that while M2(C)‘^’° is isomorphic to M2(M) as an ungraded real 
algebra, the isomorphism does not commute with Ado-^ and so the graded 
versions are not isomorphic as graded real algebras. 

( 3 ) [0,2 = f) := Adjo-j, o c. Now odd elements are real multiples of ia^ and iay 
and hence M2(C)^ = El and 

(M2(C)^Ad<,J ^ (H,Ad^J ^ (C/0,2,St). 

As an aside we remark that the choice x = Ado-^ o c does not yield anything new, as 
(M2(C), Ado-^, Ado-^ oc) is isomorphic to (M2(C), Ado-,,, c) (as graded C*’'’-algebras). 

The isomorphism is given by conjugation with the element 

3 . 2 . 2 . Real and imaginary inner gradings. Consider an inner graded algebra {A, Adr) 
together with a real structure r which commutes with Adr. The latter is the case 
if r(r)ar(r) = TaT for all a G A (in the non-unital case we use the unique exten¬ 
sion of X to the multiplier algebra). This is satisfied if and only if r(r) = zT for 
some 2; in the center of the multiplier algebra of A. Since t(r)^ = 1 the element 
must satisfy z'^ = 1 and hence is constant equal to +1 or —1 provided the Gelfand 
spectrum of Z{A) is connected. We distinguish the two cases which arrise if 2; is 
a multiple of the identity. 

Definition 3.8. A grading 'j on a C*'^-algebra (A,r) is called balanced if Ai{A) 
contains an x-invariant odd self-adjoint unitary. It is called real inner (or imag¬ 
inary innerj if 7 is inner and the grading operator T satisfies r(r) = T (or 

t(r) = -r;. 

(C/2,st) is inner graded, as st = Ado-„, a^ G C/2, and = 1 . Of the above 
discussed real subalgebras, (C/r,s,st), 0 < r, s, r + s = 2, only C/1,1 is are inner 
graded. The C*’'’-algebra (C/2,st, [1,1) is real inner graded and the C*’'’-algebras 
(C/2,st, [2,0) and (C/2,st, [0,2) are imaginary inner graded. 
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Lemma 3.9. Let (i?i,7i,ri) and (-82,7251^2) be two inner graded C*’'"-algebras. If 
7i is inner with grading operator T then the isomorphism 6i(8)&2 0 62 

intertwines ti 0 ^2 with ti 0 X2 provided the grading is real, and with ti 0 r2 o 72 
provided the grading is imaginary. 

Proof. If ti(r) = r then ti 0 r2(&irl^2| ^ ^2) = (8) X2{b2) from which the 

statement follows. ri(r) = —F then ti 0 r2 o 72 (&iFI^2| ^ ^2) = (—^ 
(-l)l'’ 2 lr 2 ( 62 ) = ti(6i)Fl''2l 0 t2ib2). □ 

Note that if 7 is real inner then r preserves the decomposition of A with the 
help of the spectral projections of F, and moreover 7 induces an inner grading on 
A'^. We denote the restriction of r to A++ by r++. If, however, 7 is imaginary 
inner then r maps A++ to A _and A^ _to A _ 

Theorem 3.10. Let (74,7,r) be a graded C*'’^-algebra. 

( 1 ) If{'y,x) is balanced then (M2(A), 72, r2), (M2(A), 7e^, r2) and (^002,7 0 
st,r0 li^i) are isomorphic as graded C*’"^-algebras. In A is unital their real 
subalgebra contains ((7/2,0; st) os o graded subalgebra. 

(2 -h) If'j is a real inner grading then {M2{A),'jev,X2) = (240C/2, id 0 st, r 0 h^i). 
(2 -) If 'j is an imaginary inner grading for (A, r) then (M2(A), 7e^, r2) = (/I 0 
O2, id 0 st, r 0 l2,o)- 

(3 +) If j is a balanded real inner grading then 

{M2{A),'j2, ^2) = (^4 0 C/2, id 0 st, r 0 

Moreover (A, 7,r) = (A_|_+ 0 C/2, id 0 st,r++ 0 h^i) so that in particular, 
(W,7) = 0 ( 7 /i,i, id 0 st). Furthermore (A'", id) = {M2{A\_^_), id). 

(3 -) If 'y is a balanded imaginary inner grading for [A, r) then 

(M2(A), 72, r2) = (A 0 C/2, id 0 st, r 0 l2,o). 

Moreover j is a real inner grading for Ade o r, where e is an x-invariant 
odd selfadjoint unitary, and {A, 7, r) = (A++ 0 C/2, id 0 st, (Ade ° 1^)++ ® 
12,o)- In particular (^^7) = 0 (7/2,0, id 0 st). Finally (A’^, id) = 

{M 2 {Atl^nAd). 

Proof. Some elements of this proof are very similar to that of Prop. 3.5 to which 
we refer for the following notions. 

( 1 ) The same map '. M2{A) —)■ M2{A) commutes with the real structure 
(as r(e) = e). This allows to conclude as before. If follows in particular that 
{M2{AY,'y) is isomorphic to (A’^ 0 ( 7 /i^i,7 0 st). Now the last claim follows as 
before from the observation that e 0 l and 10 a:, x G ( 7 /i,i belong to A’^ 0 ( 7 /i,i if A 
is unital. 

( 2 +) The unitary U from ( 5 ) is r2-invariant an hence provides the isomorphism 
between the ( 7 *’'’-algebras. 

( 2 -) The unitary U from ( 5 ) intertwines r2 with Adjy o r2 o Ad[/* = Ad[/t2(!7*) 0^2. 
Now it is easily seen that Ux2{U*) = l0(Ja,. Note that Adiigjo-,^ or2 = 'C0[2,o- Hence 
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Ad;7 provides an isomorphism between {A^Cl2, Adr(8)st, r(8)c) and {A^Cl2, Adid® 
st,r(8) [2,0) from which follows also the statement abont the real snbalgebras. 

( 3 +) The first statement is a direct conseqnenc of ( 1 ) and ( 2 +). 

A++ fr+- 

A_^ A__ 


The map 


-A M2(A_|__|_) intertwines r with the real strnctnre 


-^e o L o - 0 ^ ^ on M2(A++). We have 


/a b \ _ f r(a) r(6)e \ _ f a be \ 

y c d y y er(c) ex{d)e J ’'++>2 ^ gg^g J 


so that ipeO X o = r++^2- Thns 'ij^e indnces an isomorphism between (A,7,r) 
and (M2(A++), ide„, r++,2) — (fr++ (8) O2, id <8) st, r <8) h^). Clearly 'ipe indnces also 
an isomorphism on the algebras with trivial grading, and hence (M2(A^_,_), id) = 
(AY+ <8) id (8) id) = {A\ id). 

( 3 -) The hrst statement is a direct conseqnenc of ( 1 ) and ( 2 -). 

Since e is odd we have r(r) = —T = eTe which implies the next statement. Now 
the above calcnlation for the case ( 3 +) shows that ' 0 e°Ade°LO' 0 y^ = (AdeOr)++^2- 
Note that '^e(e) = cr^ and hence 'ipe ° Adg o = Ad^-^. Hence 'ipe ° x o = 
Ado-^ o (Adg o r)++,2- It follows that 


{A 7, r) ^ (M2(A++), ide^, Ad,,, o (Adg o r)++,2) 

= (A++ (8) A/2(C), id (8) st, (Adg o r)++ (8) 12,o) 


Finally, as in ( 3 +) 'ijje indnces an isomorphism between the trivially graded algebras 
{M 2 {A^'^A^ id) = id), and conjngation with the nnitary :^(r +ieT) yields 

an isomorphism between id) and (A'^,id). □ 


4 . Comparing real structures on graded algebras 

We wonld like to determine the possible real strnctnres on a graded algebra (A, 7) 
which commnte with the grading. The natnral notion of isomorphism between 
graded C'*’'’-algebras is conjngacy, that is, the existence of a ^-isomorphism which 
intertwines the grading and the real strnctnre. Keeping the algebra and the grading 
hxed one wonld therefore regard two real strnctnres x and x' as eqnivalent if there 
is a (graded) isomorphism a on A snch that r' = a o r o a~^. A weaker form of 
eqnivalence is when this ^-isomorphism is inner; in this case we call the two real 
strnctnres inner conjngate. We wonld like to determine the possible real strnctnres 
on a given graded C*-algebra (A, 7) np to inner conjngation. This seems in general 
too difficnlt and so we consider here only the following simpler problems: Given 
two real strnctnres r, r' which are inner related in the sense that r' o r is an inner 
antomorphism, when are they inner conjngate? Moreover, £x a real strnctnre f on 
(A, 7) which serves as a reference. How many real strnctnres are there np to inner 
conjngacy which are inner related to f? 
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4.1. Inner related real structures. 

Definition 4.1. Let A be a graded complex C*-algebra with two real structures 
r, s. We call them inner related if there exists a unitary u in the multiplier algebra 
of A such that s o r = Ad„. 

We call a unitary u such that r' o r = Ad^ a generator for r' o r or the pair r, r'. It 
is determined up to left multiplication with a unitary element of the center Z{A) 
of the multiplier algebra of A. We recall that real structures on graded algebras 
must commute with the grading. 

Below we will use frequently a simple consequence of Gelfand theory for normal 
elements of commutative G^-algebras: \i x,y G B are two commuting normal 
elements with hnite spectrum in a unital C'*-algebra B then xy has also hnite 
spectrum. Indeed, since x and y commute we may consider them as elements in 
a unital commutative subalgebra. By Gelfand theory we may thus view them as 
continuous functions on some locally compact Hausdorff space. The hniteness of 
their spectrum is then equivalent to these functions taking values in a hnite set. 
Products of such functions take their values therefore also in a hnite set. Note 
that a continuous function on a locally compact space taking values in a hnite set 
is the same as a locally constant function. 

Similarity one shows for a normal element x that if x” for some natural number 
n > 0 has hnite spectrum then also x has hnite spectrum. 

By an anti-homomorphism on an algebra we mean a linear map satisfying 
i{ab) = ^{h)^{a). If r is a real structure then r* : A ^ A, x*{a) := r{a*) is a 
transposition, i.e. a complex linear *-anti-homomorphism of order two. 

We also need the following criterion for taking square roots. 

Lemma 4.2. Let u be a unitary in a unital C*-algebra B. If its spectrum is 
not fully then it admits a unitary square root in B. Suppose furthermore that 
^ : B ^ B is a C-linear *-homomorphism or *-anti-homomorphism. If u is ty 
invariant the square root is also ^-invariant. 

Proof. There is a complex number of modulus 1 such that zu does not contain 
— 1 in its spectrum. Then the principal logarithm w = log(zM) is well dehned. It 
follows that V = z~ 2 exp (ire) is unitary and satishes = u. 

Suppose now that ^{u) = u. Since ^{zu) = z^{u) = zu also w is ^invariant 
(by analyticity the invariance relation extends from the disk of convergence of 
the power series expansion to the domain of the principal log). It follows that 
V = z~2 exp(itc) is ^invariant. □ 

Given a complex- or anti-linear *-homo- or *-anti-homomorphism ty it will be 
useful to set 


r(a) = aal 
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and consider the fnnction ip^ : U{Ai{A)) U{M.{A)) defined on the nnitary 
gronp of the mnltiplier algebra of A by 

= u^{u). 

Lemma 4 . 3 . ip^ is invariant under left multiplication with elements from Z{A) if 
and only if ff acts trivially on Z{A). 

Proof. Let A G Z{A). Clearly ^ preserves the center. Hence ip^{\u) = ^{X)X^{u)u. 
Now ^(A)A = 1 if and only if ^*(A*) = A*. □ 

The following lemma generalises a resnlt from [ 17 ] on von Nenmann factors. 

Lemma 4 . 4 . Let A be a C*-algebra and be a *-homomorphism of order two 
which may be complex- or anti-linear (so ^ is a grading or a real structure). Let 
u G U{M.{A)) and = Ad„ o We have: 

(!)(,' and commute if and only ifip^*{u) G Z{A). 

( 2 ) If (p^*{u) G Z{A) and f acts trivially on Z{A) then ip^*{uY = 1 . 

( 3 ) has order two if and only if (p^{u) lies in Z{A). In this case we have 
furthermore: 

(a) f^{u) and u commute and (p^{u) is (^-invariant. 

(b) ip^{u) = (p^'{u). 

(c) and f commute if and only if G Z{A). 

(d) If ff acts trivially on Z{A) then = 1 - 

Proof. ( 1 ) and f, commnte if and only if Ad„(a) = (a)) = for all 

a. This is the case precisely if f,{u*)u G Z{A). 

( 2 ) If acts trivially on the center and (p^*{u) belongs to it then <p^*{u) = 
f^{ip^*{u)) = i{u)f(^{u*) = ip^*{u)*. Thns p>^*{u) is a self-adjoint nnitary element. 
Snch elements have sqnare 1 . 

( 3 ) We have ^ o Ad^ = Ad^(u) o^. Hence = Ad„^(„) which is the identity if 

and only if Ad„^(u) = id, and this is the case if and only if G Z{A). (a) Since 

uf^iu) G Z{A) we have f,{u)u = u*(p^{u)u = p>^{u). Hence f,{u) and u commnte 
and is ^-invariant, (b) Since = uf,{u) we see that = (p^i{u). (c) 

Since = ip^{u)(p^*{u) and (p^{u) G Z(A) the statement follows from ( 1 ). (d) If 

acts trivially on the center then ip^(u) = ^*((p^(u)) = D 

This lemma applies to gradings and real strnctnres bnt in different ways. For 
instance, the condition Statement 3 d can never hold for gradings, becanse 7* is 
complex conjngation on the center, and similarily, the condition of Statement 2 
cannot hold for real strnctnres. 

Given two real strnctnres on a graded C'*-algebra with grading 7 we call a 
generator u locally homogeneons if (p-^*{u) G Z{A) and (p-^*{uY = 1 (if A’(A) is 
connected this means that u is homogeneons). 

Lemma 4 . 5 . Let j be a grading which acts trivially on Z(A) and u G Lf{M.{A)). 
Then Ad„ 07 = 70 Ad^^ if and only if u is locally homogeneous. 
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Proof. If u is locally homogenuous then Ad^ is an even operator on A. Hence 
the equation of the lemma is true when evaluated on even and when evaluated on 
odd elements of A, hence true in general. For the converse, Ad„ 07 = 70 Ad^^ 
implies that Ad^ o 7 commutes with 7 and hence Lemma 4.4 ( 1 ),( 2 ) imply that 
= 1 . □ 

The last lemma implies that a generator u for For, two real structures on [A, 7), 
must be locally homogeneous, provided 7 acts trivially on the center. Note that 
this is the case for all inner gradings. 

Let us summarize the conditions appearing in Lemma 4 . 2 , Lemma 4 . 4 , and 
Lemma 4.5 (with a slight strenghening of the hrst): 

(Al) r* and 7 act trivially on the center Z{A) of the multiplier algebra of A. 

(A2) There exists a generator for 5 o r with two opposite holes in its spectrum, 
more precisely, there is .2 G such that z and —lie in the complement 
of the spectrum of the generator. 

The condition that x* and 7 act trivially on the center of the algebra is crucial for 
the independance of (px{u) and on the choice of the generator. It is clearly 

satished if the center is trivial which is, as we argued, to be expected from a system 
with disorder. However, since most of the literature on topological insulators takes 
the point of view that the crystalline case is a sufficient approximation to study the 
topological effects we wish to include this case in our discussion. In the crystalline 
case we face the following problem: The center is not trivial, as it is isomorphic 
to the algebra of continuous functions over the Brillouin zone, and moreover, the 
standard time reversal symmetry is a real structure which flips the sign of the quasi¬ 
momentum and therefore its corresponding transposition does not act trivially on 
the center of the algebra. To treat such cases we consider alternatively the following 
assumptions. 

B1 r* (and hence also s*) and 7 preserve the connected components of the 
Gelfand spectrum A’(A) of the center Z{A) of multiplier algebra A 4 {A). 

B2 There exists a locally homogeneous generator for sor with hnite spectrum. 
Note that B1 is trivially satished if A’(A) is connected. 

Lemma 4 . 6 . Let A be a C*-algebra with an anti-linear *-homomorphism ^ of 
order two which preserves the connected components of X{A). Then ^*(A) = A for 
each A G Z{A) with finite spectrum. 

Proof. An element A G Z{A) with hnite spectrum can be seen as a locally constant 
(continuous) function on X{A). Since Z{A) is abelian, acts on Z{A) as a com¬ 
plex linear automorphism of order two and hence corresponds to a homeomorphism 
of order two on A (A). Since it preserves connected components it acts trivially on 
functions which are constant on the connected components of A (A). □ 

Lemma 4 . 7 . Let (A, 7) be a graded C* -algebra with two inner related real struc¬ 
tures 5 and r. Assume B 1 and B 2 . Then ip^{u) and ip^*{u) are independent of the 
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choice of generator u for r o s (as long as it has finite spectrum). Moreover, they 
are self-adjoint and hence have spectrum contained in {1, —1}. 

Proof. Let be t or 7*. Suppose that u and v are two generators with hnite 
spectrum. Then A = v~^u G Z{A). In particular, u and v commute. It follows that 
the spectrum of A must be hnite. By Lemma 4.6 ^*(A) = A which implies <^^(A) = 1 
and hence (p^{u) = (p^{v). The spectrum of u is hnite if and only the spectrum of 
^(u) is hnite. By Lemma 4.4 u and ^(u) commute, hence (p^{u) has hnite spectrum 
and belongs to the center. Again by Lemma 4.6 we have = (p^{u). Since 

(p^{u) is ^-invariant this means that (p^{u) is self-adjoint. □ 

Definition 4.8. Let (A, 7) be a graded C*-algebra with two inner related real 
structures s,r. Suppose that assumption Al or assumptions Bl, B 2 hold. The 
relative signs between x and s are 

hr,3 = 

where, under assumption Al, u is any generator for s o r or, if Bl and B 2 are 
satisfied, any generator with finite spectrum. 

Indeed, in the hrst case Lemma 4.3 justihes that the sign is well-dehned, whereas 
under hypothesis Bl and B 2 this is follows from Lemma 4 . 7 . 

Note that the sign can be understood as a Z2 x Z2-valued function associating 
to each connected component of the Gelfand spectrum two signs. Below we will 
consider the case in which the sign is a constant multiple of the unit, thus -|-1 or 
— 1 . These are, of course, the only options if X{A) is connected. 

4 . 1 . 1 . x-invariant generators with finite spectrum. Note that, if we can choose u 
such that r(n) = u then <Pt{u) = u^. We shall see that this implies that u has 
hnite spectrum, a property which we are very much interested in. We provide a 
criterion for the existence of an r-invariant generator. 

Lemma 4.9. Let x and s be inner related real structures on a C*-algebra A such 
that Z{A) = C or that Bl and B 2 are satisfied. The following are equivalent: 

(la) There exists a generator u with r(M) = u and finite spectrum. 

(lb) There exists a generator u with x{u) = u. 

( 2 ) X and s commute. 

( 3 ) there exists a generator u such that admits an even square root in Z{A) 
which has finite spectrum. 

Proof. Clearly la ^ 16 . 

16 ^ 2 : If x{u) = u then x o Ad„ = Adr(u) o r = Ad„ o r showing that r and s 
commute. 

2 ^ 3 : Recall that if r and 5 commute then G Z{A). 

If Z{A) = C then G C and hence admits a square root in C. Clearly the 
square root has hnite spectrum. 
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If, by B 2 , the spectrum of u is finite then also v? has hnite spectrum and hence, 
by Lemma 4 . 2 , admits an even square root in the algebra it generates (which is 
contained in Z{A)). This square must also have hnite spectrum. 

3 ^ 1 ; Let u be a generator and z G Z{A) be an even square root of with 
hnite spectrum. Then v = z~^u has hnite spectrum and satishes = 1 . Then 
r(n) = = ^p.c{v)v. is r*-invariant, even and has hnite spectrum. It 

thus admits an r*-invariant even square root /r G (A). Let w = fiv. Then 
t{w) = /i*r(n) = jj* = w. Clearly the spectrum of w is hnite. □ 

4.2. Inner conjugacy. 

Definition 4.10. Let A be a graded complex C* -algebra with two real structures 
r, s. ITe call them inner conjugate if there exists a unitary w G A 4 .{A) such that 
s{wbw*) = wx{b)w* and Ad^ preserves the grading. 

Lemma 4.11. Let5,x be real structures on a graded C*-algebra A. They are inner 
conjugate if and only if there exists a locally homogeneous unitary w G A 4 (A) such 
that 

Ad|/,i,(u!*) ^ ^ - 5 * 

A necessary condition for inner conjugacy is that the generator u = wx{w*) is r* 
invariant and locally homogeneous or, ifx* preserves the connected components of 
X{A), even. 

Proof. Suppose that there exists a unitary w G Ai{A) such that siwbw*) = 
wx{h)w*. Then s{h) = wx{w*bw)w* = wx{w*)x{h)x{w)w*. The other direction 
follows similarily. 

We assume now that u = wx{w*). We have x*{wx{w*)) = wx{w*) and hence 
u = wx{w*) is r*-invariant. Since s preserves 7, hence Ad^ 07 = 70 Adi„, we must 
have 7(tc) = Xw for some A G 2 i{A). Applying 7 again we see that = 1 . In 
particular A has discrete spectrum. Now 'y{wx{w*)) = Xx{X*)wx{w*) shows that 
also 'y{u)u* lies in the center and has square 1 . Hence u is locally homogeneous. 
Now if r* preserves the connected components of X{A) we have x*{X) = A by 
Lemma 4.6 and hence u is even. □ 

4 . 2 . 1 . Graded real structures for algebras whose center has connected Gelfand spec¬ 
trum. We assume now that (A,7, f) is a graded C'*’'’-algebra such that X{A) is 
connected. We wish to classify all real structures x which commute with 7 and 
are inner related to f. We do this under assumptions Al, A 2 or B 2 (B 1 is trivially 
satished). We are interested in two cases: a balanced and a trivial grading. 

Corollary 4.12. Let (7, f) be a graded real structure for A and (7, tj), z = 1, 2 be 
two graded real structures which inner related to (7, f). We assume Al, A 2 or Bl, 
B 2 for both real structures so that signs are well defined. If (7, ti) and (7, r2) are 
inner conjugate then 7^1 j = Vx2,f- 
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Proof. Let 0 and u be such that r2 = Ad^jOti and ti = Ad©of. Then t2{uQ)uQ = 
uxi{u)Qf{Q). Since ti and X2 are inner conjugate, uti{u) = 1 by Lemma 4.11 thus 
the first sign is the same. By the same lemma u is even and hence also the second 
sign is the same. □ 

Thus if the signs are different then the real structures r and f cannot be inner 
conjugated. The following theorem shows that (under appropriate conditions on 
0 ) the signs determine r up to inner conjugation and stabilisation, provided X{A) 
is connected. 

Theorem 4 . 13 . Let (A,7,f) be a C*-algebra with connected X{A) with either 
balanced or trivial grading 7. Let x be a second real structure on (A, 7) which is 
inner related to f and such that conditions Al, A 2 or B 2 (B1 is trivially satisfied) 
are satisfied. Denote by Q a corresponding generator for r o f. 

(1) (M2(A), 72, r2) is inner conjugate to (A(8M2(C), 7 <8) 7', f (8) r') where the 
grading 7' and the real structures f and x' depend on 7^ f and are listed 
together with the real subalgebra in the following table. 



i 

f 

F 

(M 2 (A)^^ 72 ) 

(+1, +1) 

id 

f 

fi.i 

(At(8M2(M), 7 (8) id) 

(“1) +1) 

id 

f 

to,2 

(AI(8)1H[, 7 ® id) 

(+1) “1) 

st 

f 07 

l2,0 

(At°'^(8)C/2,o,7 <8 st) 

(-1.-1) 

st 

f 07 

to,2 

(Af°^(8C/o,2,7 ® st) 


If = (+ 1 ,+ 1 ) then already (A,7,r) is inner conjugate to (A,7,f). 

(2) (M2(A)0Ci, 72(8)st, r2(8)s) is inner conjugate to {A<^Cl3,'y<S)st,f'<^x") where 
the real structures f and x”, which depend on o-nd on the real structure 
5 on C/i, are listed together with the real subalgebra in the following table. 



S 

f 

r" 

(M 2 (A)®C/l)'^ 2 ®^ 72 ®st) 

(-hi, +1) 

ti,0 

f 

t2,l 

(Af(8)C/2,i,7 ® st) 

(“1; +1) 

tl,0 

f 

to,3. 

(At(8C/o,3,,7 ® st) 

(-hi, -hi) 

to,l 

f 

tl,2 

{A^®Cli^ 2 ,l ® st) 

(“1; +1) 

to,l 

f 

t3,0 

(A’'( 8 )C/ 3 ,o ,7 ® st) 

( + 1) “1) 

tl,0 

f 07 

t3,0 

(AF'^(8)C/3,o, 7 0 st) 

(-1,-1) 

tl,0 

f 07 

tl,2 

(AF'I'®CA,2,7 0 st) 

( + 1, -1) 

to,l 

f 07 

ta,! 

(Af°'^(^C/2,i,7 (8) st) 

(-1,-1) 

to,l 

f 07 

to,3 

(AF^(8)CZo, 3,7 <8) st) 


Ifpx,j = (+1, +1) then (A0C1,7(8)st, t:(8)s) is inner conjugate to (A0C1,7(8) 
st, f (8)s). 

Proof. Let 0 be a generator, that is r = Ad© o f, which satisfies the assumptions 
Al, A 2 or B 2 . They in particular imply that the signs are well defined. 

( 1 ) (i) If Px,‘\ = (+ 1 ,+ 1 ) then f*( 0 ) = 0 and 0 is even. By assumption its 
spectrum is not fully . From Lemma 4.2 we conclude that 0 admits an even 
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f*-invariant square root w. Hence Q = = wx{w*) and Lemma 4.11 implies 

that (H, 7 ,r) is inner conjugate to (H, 7 ,f), which implies that (M 2 (H), 72 ,r 2 ) is 
inner conjugate to [A 0 M 2 (C), 7 ( 8 ) id, f 0 c). Since M 2 (C) is trivially graded the 
ungraded tensor product is here the same as the graded one. 

(ii) If ? 7 r,f = (—1, +1) then f*(0) = —0 and 0 is even. Recall that (M 2 (H), 72 , 1 : 2 ) 
can be seen as {A 0 M 2 (C), 7 < 8 ) id, r ( 8 ) c). As [ 0,2 = Ado-,, o c we may write 

Ade o f ( 8 ) c = Ade^^^ o (f ( 8 ) [ 0 , 2 ) 

We have lo, 2 {o'y) = —cxy and ^(0) = —0 so that hr®lf(g)io 2 ~ ^ Furthermore, the 

unitary 1 ( 8 ) is even and hence also hr(g)c,f(g)[o 2 ~ ^ (0 < 8 ) is even). Provided the 
hypotheses Bl, B2 or Al, A2 are satisfied for M 2 {A) and 0(8)cr^ we can apply case 
(1) to see that (A ( 8 ) M 2 (C), 7 ( 8 ) id, r ( 8 ) c) is inner conjugate to (A ( 8 ) M 2 (C), 7 0 
id, f ( 8 ) lo, 2 )- As above, the ungraded tensor product coincides with the graded one. 

It remains to show that the hypotheses are satisfied for M 2 (A) and Q0ay: The 
multiplier algebras of M 2 (A) and A have the same center and x* and induce 
the same action on the center. Furthermore, since ay has spectrum {+1,-1} the 
spectrum of 0 ® cXy is spec(0) U —spec(0) where spec(0) denotes the spectrum of 
0. Hence if ±z ^ spec(0) then ±z ^ spec(0 ( 8 ) ay). 

(iii) If f = (+1, —1) then 0r(0) = 1 and 0 is odd. Hence the grading is 
non-trivial and hence balanced (by assumption) so that there exists an odd f- 
invariant self-adjoint unitary e G A4(A). Then Ad 0 (e) is an odd r-invariant self- 
adjoint unitary and we can apply Thm. 3.10(1) to see that (M 2 (A), 72 , r 2 ) is inner 
conjugate to (A( 8 C/ 2,7 ( 8 ) st, r ( 8 ) Ipi). We have 

Ade o f ( 8 ) ti,i = Ade of® Ad^^, o [ 0^2 

= Ade®^^ o (f o 7 ( 8 ) [ 0,2 o st) 

= Ade^^^ o (f o 7 ( 8 ) [ 2 , 0 ) 

as 0 ( 8 )cry(f 7 (a){ 8 )lo, 2 st(c))( 0 *( 8 )crj;)* = (—l)l“l’^l''l 0 f 7 (a) 0 *( 8 (Ja;(o, 2 st(c)crj/. Now 

<yi^r8)[i,i(0®(7y) = 0 ®cr 2 ^ r(0)(8)ti,i(Uj^) = - 0 r( 0 )( 8 )cryli 4 ((Tj^) = 1. 

Furthermore l0ax is odd and hence Q0ax is even. Thus 7 r®[i,i,fo 7 ®[ 2 ,o — (+ 1 , + 1 ) 
and can apply case ( 1 ) to see that (M 2 (A), 72 , r 2 ) is inner conjugate to {A 0 Cl 2 ,j 0 
st, f o 7 ( 8 ) [ 2 , 0 ), provided the hypotheses Bl, B2 or Al, A2 are satished. The latter 
is shown as in (ii). 

(iv) If = (—1, —1) then 0r(0) = —1 and 0 is odd. We persue exactly as in 
case (iii) except for using the identity 

Ade o f ® ti,i = Ade^^^ o (f o 7 ® 10 ^ 2 )- 

This leads to 7 r(g)[i,i,fo 7 (gi[o ,2 = (+1) +1) we can apply (1) to see that {A 0 CI 2 , 7 ® 
st, r 0 b^i) is inner conjugate to (A( 8 )M 2 (C), 7 0 id, f o 7 0 log)- 
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(2) We apply the results from (1) to express (M 2 (A), 72 , r 2 ) as a graded tensor 
product (A, 7 , f )( 8 )(M 2 (C), 7 ', d) and then take the graded tensor product with 
(C/i, st,s). We have 

(M2(C),7',r')®(Oi,st,s) = ( 03 ,st,r") 

where 7 ', XT' depend on f as in the table of ( 1 ) and the real structure x" depends 
on the grading 7 ' and the structures r',s. x" can be deduced from Lemma 3.2 and 
is listed in the following tables. 


This yields the table of (2). □ 

Corollary 4.14. Let (A, 7 ,f) he a C*-algebra with connected X[A) and balanced 
or trivial grading. Up to stabilisation and inner conjugation there are at most four 
different real structures on A which are inner related to f and such that conditions 
Al, A2 or B2 are satisfied. Likewise up to stabilisation and inner conjugation 
there are at most four different real structures of the form x ^ s on A^Cli which 
are inner related to f <S) li,o or to f ^ toy and such that for x and f conditions Al, 
A2 or B2 are satisfied. 

4.2.2. Graded real structures on Mn{C) and Mn{C) ( 8 )Oi. As an example which is 
important for insulators we discuss the possible graded real structures on M„(C) 
and on M„(C) ( 8 ) C/i up to stabilisation and conjugation. We are actually only 
interested in balanced real structures in the first case, and in real structures on 
Mn{C) 0 C/i for which the grading of the hrst factor is trivial, because these are 
the relevant cases for insulators. 

Corollary 4.15. Up to stabilisation and inner conjugation there are four different 
balanced graded real structures on Mn{C) and four different graded real structures 
of the form (id ( 8 ) 0 , r ( 8 ) s) on M„(C) ( 8 ) C/i. 

Proof. All ^-isomorphisms of Mn{C) are inner. Hence all gradings are inner. Since 
the grading is balanced the dimension n must be even and the grading operator T 
a self-adjoint operator with eigenvalues -|-1 and —1 of equal multiplicity. All such 
operators are inner conjugated. We can therefore choose without loss of generality 
the grading on M„(C) = Mfc(C) ( 8 ) M 2 (C) to be the standard one, namely with 
grading operator T = 1 ( 8 ) cr^. Also, all reference structures are inner related. We 
may therefore take the reference real structure to be anyone which preserves Adr 
and choose f = c. Furthermore assumptions Bl, B2 are satished, as the center is 
trivial and all spectra hnite anyway. We thus get from Cor. 4.14 that there are 
at most four graded real structures up to stabilisation and inner conjugation for 


7 

r' 

5 

r" 

st 

12,0 

ll,0 

13,0 

st 

to,2 

ll,0 

tl,2 

st 

l2,0 

lo,l 

h,! 

st 

lo,2 

lo,l 

to,3 


7' 

r' 

S 

r" 

id 

ti,i 

ll,0 

k,! 

id 

to ,2 

ll,0 

to,3 

id 

tl.l 

lo,l 

tl,2 

id 

lo,2 

lo,l 

13,0 
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M„(C) and for Mn{C) 0 C/i. Table 1 and Table 2 list each fonr real structures for 
Mn{C) and for Mn{C) 0 C/i, resp., realising the four different possiblities for the 
signs. The given value for n is the smallest possible one. Indeed, in (M 2 (C), Adg-^) 
there is no even unitary which satishes c(0)0 = — 1 which is why n > 2 in the 
fourth case. □ 

Table 1. Balanced graded real structures for M„(C) and associated 
real subalgebra. 


n 

r 

Vx,f 

(M„(C)bAdr) 

2 

c 

(+1, +1) 

Ch,, 

2 

Ad„^ o c 

(+1) 

Chfl 

2 

Ad^„ o c 

(-1.-1) 

Clo,2 

4 

Ad^^ o c 0 c 

(“1) +1) 

e 0 G/i,i = g/o,4 


Table 2. Graded real structures for (M„(C) 0 C/i, id 0 0) and as¬ 
sociated real subalgebra.. 


n 

r 


s 

((M„(C)0C/i)bid0 0) 

1 

c 

+1 

b,o 

C/i,o 

1 

0 o c 

+1 

lo,i 

6-/0,1 

2 

Adcr„ O c 0 c 

-1 

ll,0 

El 0 G/i^o — C*^o,3 

2 

Ad<^„ o c 0 0 o c 

-1 

lo,i 

El 0 G/o,i — GI^ q 


4.3. Reference real structure on the observable algebra. For our applica¬ 
tion to insulators we wish to dehne a reference real structure on the observable 
algebra. 

Quite generally, if A is a graded C'*-algebra represented faithfully on some graded 
Hilbert space "H, and if is a complex conjugation on "H, that is, an antilinear 
operator of square 1 which we assume to preserve the grading on "H, then a real 
structure a e-)■ f(a) may be dehned through 

(6) 7r(f(a)) = £7r(a)C 

provided Adg; maps the image of the representation into itself. Of course, f depends 
on the representation chosen. It also depends on the complex conjugation €. 

If A is inner graded with grading operator T, then it is natural to consider the 
grading on Ti dehned 7r(r). It then follows that 7r(f(r)) = C7r(r)£. 

We consider hrst the case in which there is no magnetic held. Let G = or 
G = WA (for the tight binding approximation). Let vr = be a representation of 
the type (1) of the observable algebra A (with a = 1). 4/ E L‘^{G, C"') is C"-valued 
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and so if we fix a complex conjugation on C" (by choice of a base) we can extend it 
pointwise to a complex conjugation on L‘^{G, C"^). We denote it by tl' eA tl'. Then 
the above equation (6)becomes = 7rtj(f(F))\['. In terms of M„(C)-valued 

integral kernels this means {x, y E G) 

m d4f(-F’)))., = (mol; 

where M = c{M), that is entrywise complex conjugation in M„(C) (the matrices 
are to be expressend in the above chosen base of C"’). We obtain from (1) 

(8) f(F) = F. 

It is directly verified that f is anti-linear, multiplicative, equivariant w.r.t. the *- 
operation and of order two. It is hence a real structure on A. It will serve us 
as reference structure. In the case that A is inner graded with grading operator 
r we consider the representation (1) as graded via the grading operator 7r(r) on 
L^(G,C"). We then need to suppose that the complex conjugation on C” can 
be chosen in such a way that 7r(r) commutes or anti-commutes with the dehned 
complex conjugation on L^(G,C”). In that case f commutes or anti-commutes 
with the grading. 

If there is a magnetic held the above cannot just be generalised by incorporating 
a non-trivial 2-cocycle a but there are obstructions. This is not too surprising, as 
it is known that a magnetic held breaks in general time reversal invariance. We 
explain this obstruction in the case G = M'^. 

It is closer to the physical problem to use another representation of A, one that 
is unitarily equivalent to (1). We make the common assumption that 12 contains 
a dense orbit, i.e. an element uq such that {ax{ujQ)\x G is dense. Then G(f2) 
is isomorphic to the G*-algebra C of continuous functions / : —)■ C which are 

of the form f{x) = f{a~^{uQ)) for some / G G(f2). As a result, A is isomorphic to 

A^C xia,s M"' 

where a is the standard translation action ax{f){y) = f{y + x) and d : R*^ x R*^ — 
C n G(R'^, is given by a{x,y){q) = a{x,y){a~^{uo)). Furthermore, under this 
isomorphism the representation and the representation turn into 

p(/)T(a:) = f{x)'^{x) 

T{a)'^{x) = 5'(a:, a)(0)T(x-|-a). 

Finally, our condition on the magnetic held now reads G C. 

We follow [14] to write the 2-cocycle d as a psendo-co-boundary'^ of a 1-cochain 
A : R'^ —)■ G(R'^, F^). Indeed, let A be a continuous vector potential for the 


is not a genuine co-boundary of A as A need not to take values in C. 
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magnetic field that is, a 1-form satisfying = dA (-Bojo is a 2-form and d 
the exterior derivative). Define A : —)■ C'(R'^, S^) by 

X{x){q) = exp(—i / A). 

J[q,q+x] 

Then we have a = dX where 6 is the coboundary operator for group cohomology, 
dX{a, b) = X{a)ab{X{b))X{a -|- b)~^. This allows to define another representation of 
A on L^(R'^, C""), namely 

p(/)T(a;) = f{x)^{x) 

T'^(a)T(x) = p(A(a))T(y4)T(x) = A(a)(a:) T(a:-|-a). 

The transformation \h(a:) i-A- A(a;)(0) \h(a;) yields a unitary equivalence between 
this representation and the one above. We now use the same complex conjugation 
T HA- T as above attempting to define a real structure f by the analog of Equ. 7 
which now reads 

fiF){y - x){x) X{y - x)(x) = F{y - x){x) X{y - x){x) 
for all x,y E R"^. 

Theorem 4.16. Let X he as above and define for F G Cc(R'^,C) 

f(F) := FX-^ 

where F{z){x) = F{z){x). f is a real structure if and only if for all 2 ; G R'^ we have 
A( 2 ;) G C, or, equivalently, the components of the vector potential belong to C. 

Proof. Suppose that the above defines a real structure. Since D is compact, C 
is unital. Thus, for any 2 ; there exists F G Cc(R'^,C) such that F{z) is a non¬ 
vanishing function of C. It follows that X~‘^{z) = Hence A^(^) G C. By 

definition of A, 2 ; i-A- X{z){q) is continuous for all q and since (by assumption) X‘^{z) 
is uniformly continuous the map 2 ; i-A- X‘^{z) is continuous in the sup-norm topology. 
We can therefore define its logarithm via continuous functional calculus, provided 
2 ; is small enough (so that —1 is not in the image of A^( 2 ;)). Hence q 1 —)■ /[gg+j,] 
belongs to C for all small 2 and hence, by additivity, for all 2 ;. Since A was assumed 
continuous this implies that the components of A belong to C and then, of course, 
also A (. 2 ) G C for all z. 

On the other hand, if the condition is satisfied then f preserves C'c(R'^, C) (and 
extends by continuity to the crossed product) so we only have to show that it 
is anti-linear, multiplicative, commutes with the ^-structure and has order two. 
Anti-linearity is direct. 

f(F*G)(a;) = A"^(a;) j dyF{y)ay{G{x - y))a~^{y,x - y) 
f{F) * f(G)(x) = j dyF{y)X~^{y)ay{G{x - y))ay{X~^{x - y))a{y, x - y) 
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These two expressions are equal if 

a\y,x-y) = X\y)ay{X\x-y))X-\x) 
which is the square of the relation a = 


f(F*)(x) = a^{F{-x)yX \x) = ayF{-x))X yx) 


f{Fy{x) = ayf{F){-x)y = ayF{-x)X^{-x)) = ayF{-x))ayX^{-x)) 

These two expressions are equal if X~‘^{x) = ax{X‘^{—x)) which follows since 


aa;(A(-a:))(g) = exp(-i / A) = exp{i / A) = X {x){q) 


[<?+a:,g] 


[q,q+x] 


Finally 


f (F) = f{FX-y = FA-2A-2 = F 


□ 


Note that, if A G C then a is a proper coboundary in group cohomology with 
coefficients in C. This does not imply that vanishes but that the twisted 
crossed product C Xq,, 5 - is isomorphic to the untwisted one C We see 

from the above that if C are periodic functions then a reference structure exists 
if and only if the vector potential is periodic (with the same lattice of periods). 
This implies, of course, that the magnetic field is periodic, but not any periodic 
magnetic field will do it, its flux through a unit cell must be 0. 


4.4. Graded real structures for tight binding models. Recall that the ob¬ 
servable algebra of a tight binding model for the description of a particle in a solid 
is given by the crossed product of C{X, Mn{C)) with a Z'^-action a on X. As we 
have excluded external magnetic helds the reference real structure f{F) = F from 
the last section is well dehned. 

The results of Section 4.2.2 allow to obtain real and graded real structures 
for tight binding models which are inner related to the reference real structure. 
Indeed the decomposition A = M„(C) 0 C{X) Xq, Z"^ suggests to apply Cor. 4.15 
to the first factor. If A is trivially graded we obtain next to f a second real 
structure r = Adi,g,o-j, o f, provided M„(C) = Mfc(C) 0 M 2 (C). The first case will 
be interpreted as even and the second as odd time reversal symmetry. The famous 
Kane Mele Hamiltonian has the form 


h = 


hi R 
R* ho 


where hi,h 2 ,R G Mfc(C) Xj^Z^ = Mk{C{T'^)) {k = 2). Indeed hi and h .2 are two 
copies of the Haldane Hamiltonain which are related by time reversal f{hi) = h 2 
and i? is a coupling between the two which satisfies f{R) = —R*. Note that 
r(h) = h is equivalent to f(hi) = h 2 , f{R) = —R*. 
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Models with even or odd particle hole symmetry are obtained if one combines 
the above choices for r with the real structure lop on C/i. We thus obtain four real 
structures on A 0 C/i similar as in Table 2. 

If we restrict to internal chiral gradings, that is chiral gradings which affect only 
the internal degrees of freedom thus having the form 7 = 7 ' ® id in the above 
decomposition of A then the possibilities are given by Table 1: We may take 
7 ' = Adigio-^ on Mn{C) = Mk{C) ( 8 ) M 2 (C), and then obtain four real structures, 
r = f, r = o fw = o f, and x = Ad<^^^i o f (in the latter case k must 

be at least 2 ). 

5. Van Daele A'-theory for C'^’^’-algebras 

Our A'-theoretical approach to topological insulators is based on van Daele’s 
formulation of A'-theory [7]. The particularity of his approach is that he works 
with graded algebras. This point of view comes to full power in the context of 
insulators, as a chiral symmetry can be interpreted as a grading. 

5.1. Definition and general results. Van Daele’s formulates his A'-theory for 
general graded Banach algebras. We first recall his theory for graded C'*-algebras 
(which simplifies a little bit matters, as on can work with self adjoint unitaries 
instead of more general invertible elements which square to 1 ). 

Let (A, 7 ) be a unital graded C*-algebra. We denote 

©(A, 7 ) = {x E A : X = X* = x~^,'y{x) = —x}, 

©(A, 7 ) are the odd self adjoint unitaries of A. 

Definition 5.1 ([7]). Let A be a graded unital C*-algebra. Suppose that ©(A, 7 ) 
contains an element e which is homotopic to —e in ©(A, 7 ). The K-group of van 
Daele with basepoint e is 

DK,(A,~l) ■■= 1J6(M„(/1),7„) / ~l 

nSN / 

where x y if there are A;, / G M such that x (B ek is homotopic to y ® ei in 
©(M„(A), 7 „) for sufficiently large n. Addition is given by [x] + [y] = [x®y]. 

Above we have used the standard extension of 7 ^ of 7 to Mn(A) and the notation 
e„ for the direct sum e © • • • © e of n copies of e. 

The incorporation of a real structure x can be done in the following way. Let 
(A, 7 , r) be a graded unital C'*’'’-algebra. We extend x in the usual way to Mn{A) = 
A © A7n(M) as r © id; x((aij)) = (x(aij)) and define 

©(A, 7 ,r) := {x E A : X* = x~^,j(x) = —x,x(x) = x}. 

As 7 and x commute 7 induces a grading on the real C'*-algebra A'’ (which we also 
denote by 7 ) and 


6(-4,7A) = <3(A",7). 
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Definition 5 . 2 . Let (A, 7, r) be a graded unital C*’^-algebra. Suppose that ©(A, 7, r) 
contains an element e which is homotopic to —e in ©(74,7,r). The K-group of 
van Daele is 

DKM,'h,^) :=DKf{A\'y)- 

We list the most basic results (see [ 7 ]). 

( 1 ) Addition is abelian, inversion is given by [x] e-?> [—exe], and [e] is the neutral 
element. 

( 2 ) The map ©(A,7) 9 a: 1—)■ x © e G &{M2{A),'j2) induces an isomorphism 
DKe{A,'y) = i3Ae®e(Af2(A), 72). We refer to this as stability of DKe- 

( 3 ) If e, / G ©(A, 7) are two self adjoint odd unitaries which are homotopic 
to their negative in ©(A, 7) then DKeA^'y) and DKf{A,'y) are isomorphic 
groups. 

( 4 ) DKf. is a functor from the category of graded unital C*-algebras with graded 

unital *-morphisms to the category of abelian groups. Indeed, any such 
morphism ip : (A,7) (i?,7'), extended component wise to matrices, 

preserves odd self-adjoint unitaries and the equivalence relation and hence 
induces a group homomorphism DKe{A,'^) —)■ 

Note that (C'/2,o, st) is a (real) graded C'*-algebra which contains an odd self-adjoint 
unitary which is homotopic to its negative in ©((7/2,0,st). Indeed, whenever we 
have two anticommuting odd self-adjoint unitaries-and here we can take the two 
generators ei and 62 of (7/2,oAhen w{t) = cos(f)ei+ sin(t)e2 is a continuous path of 
odd self-adjoint unitaries. This shows that ei = ta( 0 ) is homotopic to w{7r) = —ei 
and, by the way also, that ei is homotopic to w{'k/ 2 ) = 62- This observation allows 
to extend the dehnition of van Daele’s i 7 -group to cases in which A contains an 
odd self adjoint unitary e but perhaps none which is homotopic to its negative. 

Indeed, if e is an odd self adjoint unitary in A then is an odd self adjoint 

unitary in (M2(A),7eu) which anticomniutes with a^. The latter is also odd and 
therefore homotopic to its negative and we may dehne 

( 9 ) T)i 7 (A, 7 ):=Di 7 ..(M 2 (A), 7 e.). 

This dehnition extends the one given above, because by Prop. 3.10 (M2(A),7e^) is 
isomorphic to (M2(A), 72) and hence, if e happens to be homotopic to its negative 
then 11/762(^72(A),72) is isomorphic to DKe^{M2{A),''yey) which, in turn, is then 
isomorphic to DK{A,'j). Finally, by stability ZlJ7e2(Af2(A),72) is isomorphic to 

Dehnition ( 9 ) works also for algebras which do not contain any odd self-adjoint 
nnitary. Indeed, van Daele shows that DK^^{M2{A),'ygy) is always a group which 
is isomorphic to DK„^^^^{M2{M2{A)),'yev2) [8][Prop. 4 and 5 ] and, by Prop. 3 . 5 , 
(M2(M2(A)),7e.u2) isomorphic to (M4(A),74).^ 

®In [ 7 ], DKa-^^a-a:iM2iM2iA))^"fev2) been taken as the general definition of the Tt-group. 
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Note that DK{A,'^) does not depend on any choice for e. However, this is 
can lead to missconception for two reasons. First, the isomorphism between 
(M2(H),7e„) and (M2(H),72) depends on a choice of odd self-adjoint unitary, and 
second, if x G ©(H,7) then its class is not yet dehned in DK(j^{M2{A),jev), to 
achieve this we need an inclusion ©(H, 7) ©(M2(H),72) which is not canonical. 

Alternatively, one can dehne van Daele’s iF-group for an algebra (A, 7) with a 
choice of odd self-adjoint unitary e G A as Gl/e(A, 7), the Grothendieck construc¬ 
tion applied to 

□s(M„(/1),7„) / ~l 

nSN / 

which is always a semigroup with the addition dehned above. Indeed, 


Lemma 5.3 ([7]). Let (A,7) be a balanced graded algebra and e G ©(A,7). The 
map 4 : ©(A,7) ©(M2(A),72), ie{x) = 

phism G{ie) : GV;(A,7) L)iFeffi-e(M2(A), 72) given by 


induces the group isomor- 


G(a)([M, M]) = 

(for x,y e ©(M„(A), 7 „);. 


X 0 
0 CnyGr 


The class dehned by an odd selfadjoint unitary x can therefore be seen in 

DK{A, 7) in two ways. Either as the element [[x], [e]] G GI 4 (A, 7) or as 

in L)/G®_e(M2(A),72). 

Corollary 5 . 4 . Consider two odd selfadjoint unitaries x G Mn{A), y G Mm{A). 
//He(A, 7) has cancelation then they define the same class in DK{A,'j) if and only 
if there exist k such that x © and y © Cn+k-m homotopic in ©(M„_|_fc(A), 7). 
Otherwise x and y define the same class in DK (A, 7) if and only if there exist k 
such that x © Cfc © —Cn+k is homotopic to y® Cn+k-m ® —^n+k in © {M2[n+k) (^)) 7) ■ 

Proof. If V'e(A, 7) has cancelation then GHe(A, 7) is the quotient of He(A,7) x 
14 (A, 7) by the equivalence relation ([x], [x']) i[y], [2/']) iff N + W] = [y] + W]- 

This implies the hrst statement. If 14 (A, 7) does not have cancelation then we work 
with ////e0_e(M2(A),72) which coincides with 14®-e(Af2(A),72) and is exactly 
dehned by the homotopy formulated in the second statement. □ 



5 . 2 . Higher //-groups. Van Daele’s higher //-groups are dehned by tensoring 
the algebra with Clihord algebras. Stability and Cor. 3.6 imply that 

DKe{A®Clr,s, 7 © St) = DKe{A®Clr+l,s+l, 7 © st) 

and hence DKf.{A®Clr^s-, 7 © st) depends only on the diherence s — r. 
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Definition 5.5. Let [A, 7) be a unital graded complex or real C*-algebra containing 
an odd self-adjoint unitary e. The K^-group of (A,7) in van Daele’s formulation 
is 

Kn{A,'y) := 7 st). 

Roe shows that Kn(A,'y) coincides with Kasparov’s KK-group KKn{C, A) (or 
KKn{^, A)) for graded algebras [ 20 ]. 

For ( 7 *’’'-algebras the dehnition is similar, Kn{A,'y,x) = Kn{A'^,'y). 

Since Clgfi = Mig(M) we have Kn = K^s- If A is a complex C'*-algebra then 
the tensor product has to be understood over the reals, or equivalently A^Clr,s — 
A^Clr+s- It follows that in the complex case one has even Kn = Kn-2-^ 

5 . 3 . Non-unital algebras. The Kn are functors yielding group homomorphisms 
when applied to graded unital *-morphisms. Whenever one has such a functor from 
unital C'*-algebras (or ( 7 *’’'-algebras) to abelian groups (which is split exact) there 
is a standard procedure to extend it to non-unital ( 7 *-algebras and non-unital 
morphisms. This is based on adding a unit to A and then using the surjection 
A'^ —)■ C (or A'^ —)■ M) to define iFn(A,7,r) as the kernel of the induced map 
on the groups, Kn( 7 r) : Kn{A ~^—)■ iF„(C,id, c). Here 7+ and r'*' are the 
standard extensions to We won’t go into the details of that which are, for 
instance, nicely explained in [21] for the ungraded case without real structure (but 
the arguments extend easily). 

5 . 4 . Trivially graded algebras. A trivially graded algebra {A, id) has no odd 
elements but this does not matter as {A 0 Clr^s, id 0 st) contains odd self-adjoint 
unitaries as soon as r > 0 and so we can define Kn with n = s —r-|-l for sufficiently 
high r and s. 

5 . 4 . 1 . Trivially graded complex C*-algebras. Van Daele shows [ 7 ] for a graded com¬ 
plex ( 7 *-algebra (A, id) that 

Kn{A, id) = DK{A 0 Cln+i, id 0 st) = KUn{A) 

where KUn{A) is the standard iF„-group (n taken modulo 2 ) of A seen as ungraded 
complex ( 7 *-algebra. We briefly describe this. 

Let n = 0 so that C/i = C © C is the relevant Clifford algebra. The odd 
elements of A © C/i are of the form {x, —x), x G A. Suppose that A is unital. 
(x, —x) is an odd self adjoint unitary provided x is a self adjoint unitary. In 
particular, we can always take x = +1 or x = — 1 . None of the two choices leads 
to an odd self-adjoint unitary which is homotopic to its negative, because the 
spectra of self-ajoint unitary are contained in {+1, —1} and hence preserved by 
homotopy. Therefore V(i^_i)(A © Oi,id © st) is only a semigroup and DK{A © 

®This periodicity of the if-groups is a direct consequence of the definition of the higher in¬ 
groups. The far deeper result referred to as Bott-periodicity concerns the isomorphism between 
Kn+i{A,A s-nd Kn{SA,A where SA is the suspension of A. 
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C/i,id 0 st) its associated Grothendieck group. Given a self-adjoint unitary x let 
p := which is the projection onto to the eigenspace to eigenvalue — 1 . The 
map (x, —x) H-?> induces the isomorphism of semigroups between 0 

C/i, id(8)st) and V{A) := UneN ^^^'A^n{A))/ where the inclusion of projections 
Proj(M„(A)) Proj(M„+i(74)) is dehned by p i—)■ p © 0 . Now, in the standard 
picture of iPo"fheory for complex algebras, KUq{A) is the Grothendieck group 
associated to V{A). Hence iPo(^)icl) = KUq{A). The non-unital case follows now 
from the functoriality of adding a unit. 

In case n = 1 we need to consider O2 = M2(C) and [A 0 C/2, id 0 st) is 
isomorphic to (M2(H), ide„). Again we may assume that A is unital the non-unital 
case following by functoriality. KUi{A) is constructed from unitaries: 

KUi(A)=U^(M„(A))I ~i 

nGN 

with addition induced by direct sum and x y whenever x © 1 © • • • © 1 is 
homotopic to x © 1 © • • • © 1 in some U{Mn{A) with large enough n. An odd self- 

adjoint unitary in (M2(A), idg^) must be of the form ^ ^ ^ with c = b* = b~^. 

Hence 6 is a unitary in A. The map ^ ^ 0 ^ ^ induces the isomorphism 

between iPi(A, id) and KUi{A). 

5 . 4 . 2 . Trivially graded C*’^-algebras. Let (A, id, r) be a unital G*’^-algebra which 
is trivially graded. As above we will employ the trick of passing to the algebra 
A 0 Cln turning it into a graded algebra with grading 7 = id © st. We have to 
extend r to A©C/„. There are many inequivalent ways, namely each real structure 
on Cln which commutes with the grading on Cln gives rise to such an extension. 
Indeed, let h,s be a real structure on Clr+s such that Cf^^g = Clr,s then 

( 10 ) DK{A 0 Clr+s, id © st, r © h^*) = iPs-r+i(A', id) = KOs-r+i{A'^), 

where KOn{A) is the iP„-group of A as real ungraded G*-algebra. The second 
isomorphism can be inferred from the work of Roe [ 20 ] via the identihcation of 
KOn{A) with KKn(^,A) for real G*-algebras A (for r = s + 1 and r = s the 
direct argument of van Daele sketched in Section 5 . 4.1 will also apply to this real 
case). 

5 . 5 . Inner graded algebras. If (A, 7) is an inner graded algebra we can say 
something more about DK{A,'j) = Ki{A,'j). 

5 . 5 . 1 . Inner graded eomplex C*-algebras. 

Proposition 5.6. Let (A, 7) be an inner graded complex C*-algebra. Then 

DK{A,'y) = K^{AAd) = KUi{A). 
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Proof. If ©(A,7) is not empty we apply Prop. 3.5 ( 2 ), notably {M2{A),'j2) — 
{A (g) C/2, id <g st), to obtain the first isomorphism. Otherwise we replace first 
(A,7) by {A 0 C/2,7 st), which by stability of the iP-gronps does not change 
the gronp, and proceed as above. The second isomorphism was already discnssed 
above. □ 

The inner graded case contains of course the trivially graded as a special case 
and Prop. 3.5 says that, up to stabilisation the two are the same. But if we have an 
interest to avoid as much as possible stabilisation, namely to identify homotopy 
classes of ©(^) with those dehning KUi{A) then we can do this provided A is 
balanced. Indeed, the map Qe : 6(^,7) ^(^++) 

( 11 ) Qe{h) = n_|_e/in_|_ 

induces an isomorphism DKe{A, 7) —)■ KUi{A^^). Moreover KUi{A^^) = KUi{A) 
(as follows from Prop. 3.5 ( 3 )). 

5 . 5 . 2 . Inner graded -algebras. 

Proposition 5.7. Let (A, 7 ,r) be a graded C*’’^-algebra. 

( 1 ) If'j is real even then 

DK{A,'y,x) ^ Ki{A\id) ^ KOiiA'^). 

( 2 ) 7/7 is imaginary even then 

DK{A,'y,x) = K_i{A\id) ^ KO-i{A^). 

Proof. For the same reason as in the last corollary we may assume the existence 
of an odd self-adjoint unitary e. In the hrst case we apply Thm. 3.10 ( 2 +) which 
shows that (M2(A), 72, r2) = (A (g C/2, id (g st, r (g h^). The real subalgebra is 
thus isomorphic to (A' (g C/14, id 0 st) which implies, similar to the complex case 
DK{A,'y,x) = Ad(74hid). In the second case we apply Thm. 3.10 ( 2 -) to obtain 
(M2(A), 72, r2) = {A 0 d 2 , id(gst, r(gl2,o))- Now the real subalgebra is isomorphic to 
(A'g)C/2,0, idgst) and we get DK{A, 7, r) = K_i{A'^, id). The other isomorphisms 
had been discussed above. □ 

5 . 6 . Boersema and Boring’s formulation of 770-theory. Recently Boersema 
and Boring [ 5 ] have formulated 770 -theory of ungraded unital real 0 *-algebras by 
means of unitaries with certain symmetries. This description can be obtained from 
van Daele’s description as follows. 

The real 0 *-algebra is given as the real subalgebra A'^ of a 0 *’’’-algebra (d, r) 
and the symmetries are formulated with the help of the real structure x.^ Starting 
point is the Eq. 10 for small values of r, s, at least one of them being strictly 
positive. Given r, s we look for the smallest k for which {Mk{Ay^ 0 Clr^s, id g st) 
contains an odd self-adjoint element e such that e©e is homotopic in &{M2k{Ay^'‘0 

Rn [5] the results are formulated in terms of the transposition r*. 
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Clr^s, id 0 st) to its negative. In fact, /c is 1 or 2 , as M4(M) ®Clr,s — Clr+2,s+2- We 
then eqnate with id(8)st, rfc(8)h,s) where s — r = n —1. 

We consider first valnes for r, s snch that r + s = 1 . An odd element x G 
{A (g) C/i, id (g) st) is of the form 


u (g) (1, -1) 


X = 


and the conditions x = x* = x ^ translate into u* = u = u There are two cases: 

• The case s = 0 which corresponds to KOq{A^). We may take e = (g) 

( 1 , —1) G M2{A) (g) C/i as a basepoint, as it is an r2 ® b^o-invariant odd self 
adjoint nnitary which is homotopic to its negative. Indeed, e anticommntes 
with (g) ( 1 , — 1 ) G M2{A) (g) C/i. Clearly r (g) ti,o( 3 ^) = is eqnivalent to 
r(M) = u. Thns the elements of KOo{A'^) are represented by self adjoint 
r-invariant nnitaries u in M2 (A) (or M2m{A)). 

• In the case s = 1 corresponding to K02{A'^) we take e = ay ® (1, —1) G 
A/2(A)(g)Oi as a basepoint, as it is r2® lo,i-invariant and e©e homotopic to 



the set of nnitaries of (M4(A)'^2'“ (g)C/0,1, id © st) andX(e©e)X* = —(e©e). 
Fnrthermore, r{g) to,1(2^) = iff ^(m) = —u. Thns the elements of K 02 {A'^) 
are represented by self adjoint nnitaries u G M2 (A) (or M2m{A)) which 
satisfy t{u) = —u. 

We consider next valnes for r, s snch that r + s = 2 . An odd element x G 
(A (g) C/2, id (g) st) is of the form 



U = u + iv 


and the conditions x = x* = x ^ translate into U := u + iv being nnitary. 

• Let s = 0 which corresponds to KO-i{A'^). We have l2,o{o'x) = o'x and 
h,o{o'y) = ay. Then 1 ©era, G A(g)C/2 is an r(g) [2,0-mvariant odd self adjoint 
nnitary which is homotopic to its negative, as it anticommntes with l^ay. 
We thns take it as base point. Fnrthermore, r(g) 12,0(2^) = is eqnivalent to 
r(M) = u and r(n) = v which can be expressed as x{U) = U*. The elements 
of KO-i{A'^) are thus represented by nnitaries U in A (or Mm{A)) which 
satisfy r(f/) = U*. 

• If s = 1 which corresponds to KOii^A'^) we have h,i{ax) = ax and \i^i{ay) = 
—ay. We may take e = 1 (g) (Ta, as base point as e © e anti-commutes with 



G M2(A’^) © C/1^1 which has square 1 . Now 


the odd element 


r © li,i(a^) = x is equivalent to x{u) = u and r(n) = —v which can be 
expressed as x{U) = U. This is a result we already discussed above, namely 
the elements of KOi{A'^) are represented by r-invariant nnitaries in A (or 


M^(A)). 
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• In the case s = 2 corresponding to KO^{A^) we have io, 2 (o'a;) = —<^x and 

= ~<^y We may not hnd an odd self adjoint unitary in 0 C/o, 2 - 
But e = (jy ® (jy & M 2 {Ay^ (g) ( 7 / 0,2 is an odd self adjoint unitary which 
moreover anti-commutes with e = (jy ® (Tx G M 2 {Ay'^ (g) Clo ,2 and is thus 
homotopic to its negative. Now r{g) i 2 ,o{x) = x is equivalent to r(M) = —u 
and x{v) = —v, that is, r(/7) = —U*. The elements of KO^Ay are thus 
represented by unitaries U G M 2 (A) (or M 2 m{A)) which satisfy x{U) = 
-U*. 

For the remaining degrees we need to take r -|- s = 3 and r s = 4 and make use 
of the isomorphisms listed in Lemma 3.2 (1-3), notably 

(yl (g) C/ 3 , id (g) st, r (g) [ 0 , 3 ) = (A (g) M 2 (C) (g) C/i, id (g) id (g) st, r (g) f) (g) li,o) 

(yl (g) C/ 3 , id (g) st, r (g) [ 3 ^ 0 ) — (A (g) M 2 (C) (g) C/i, id (g) id (g) st, r (g) f) (g) [o,i) 

(yl (g) C/ 4 , id g) st, r (g) [ 0 , 4 ) = (yl g) M 2 (C) g C/ 2 , id g) id g) st, r g) I) (g) [ 1 , 1 ) 

and apply the above reasoning to unitaries in M 2 (A) = AgM 2 (C) with r’’ = rg f) 
in place of x. With similar arguments as above we obtain: 

• In the case r = 0, s = 3 we may take g 1 g (1, —1) G M2(A)'^2 g]H[g(7/i,o 
as basepoint and the elements of KO^Ay are represented by self-adjoint 
unitaries u in M 4 ^{A) (or M 4 m(^)) which satisfy r'’('u) = u. 

• If r = 3 and s = 0 we can take lg(Tyg(l, —1) G Wg]H[g(7/o,i as basepoint. 
The elements of KOQ{Ay are represented by self-adjoint unitaries u in 
M 2 (A) (or M 2 m{A)) which satisfy r'’(M) = —u. 

• Finally, for r = 0, s = 4 we may take Iglga^ G A’^gHg Cli^i as 
basepoint, and the elements of KO^A^) are represented by unitaries U in 
M 2 (A) (or M 2 m{A)) which satisfy r'’(f/) = U. 

6 . Extended topological phases of abstract insulators 

We now describe the classihcation of extended topological phases of insulators. 
We have argued in Section 2.3 that, if no symmetries are present and A is unital, 
then the extended topological phases are in bijection with the Grothendieck group 
GSe{A) of S'e(A) = Un Furthermore, by spectral flattening Se{A) 

can be identihed with U„C-“-(A/ ^ where U^°‘'{A) are the self-adjoint unitaries 
in Mn{A). So we only have to bring a grading into the scheme to obtain van 
Daele’s iF-groups. This can be done by the trick; consider the graded algebra 
(/lgC/i,idg0) then the map {x, —x) i-A x yields a bijection between &{Mn{A) g 
Cl, id g st) and 11^°“[A) which preserves the equivalence relation so that 

GSe{A) = T)iFe^(i,_i)(A g C/i, id g 0). 

Thus the extended topological phases correspond to the elements of the group 
iFo(A, id) = KUo{A). In particular, an insulator h dehnes the element [[/i g 
(1, —1)], [eg (1, —1)]] G Tl/Fe(gi(i,-i)(^G)C/i, idg0). Corrolary 5.4 provides us with 
a precise condition under which two insulators yield the same element and hence 
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define the same extended topological phase. If I 4 (A, 7 ) has the cancelation prop¬ 
erty then two insulators dehne the same extended topological phase if and only 
if after adding on trivial insulators they are honiotopic, but if I 4 (A, 7 ) does not 
satisfy the cancelation property then two insulators of the same extended topo¬ 
logical phases are in general only homotopic after adding on trivial and negative 
trivial insulators. A negative trivial insulator is an insulator whose Hamiltonian 
h has strictly negative spectrum, and thus all of its states are occupied and it is 
homotopic to —1. While a negative trivial insulator will be sensitive to the gap¬ 
labelling its topological transport coefficients obtained from pairings with higher 
Chern characters must vanish. 

6.1. Insulators with symmetry. 

Definition 6.1. Let A be a C*-algebra and h ^ A an abstract Hamiltonian, i.e. a 
sefl-adjoint element. 

(1) h has chiral symmetry if there is a grading j on A such that 7 (h) = —h. 

(2) h has time reversal symmetry (TRS) if there is a real structure i on A such 
such that t{h) = h. 

(3) h particle hole symmetry (PHS) if there is a real structure p on A such 
such that p{h) = —h. 

The reasoning behind this definition is the following: Usually the symmetries of 
an insulator are implemented on the Hilbert space by unitary or anti-unitary op¬ 
erators whose squares are ±1 and the action on the Hamiltonian (or any operator) 
is given by conjugation. If we think of the algebra as being faithfully represented 
on the Hilbert space and the conjugation by such an operator preserves the image 
of the representation then it defines an automorphism of order 2 on the algebra, 
or a real structure in case the operator is anti-linear. 

Insulators may have several of these symmetries, but then these are assumed to 
commute. An insulator may have other symmetries which are given by (complex) 
automorphisms which leave the Hamiltonian invariant (of order two or not, like 
periodicities). These kind of "ordinary" symmetries are treated separately, for 
instance, by factoring them out or performing a Fourier-Bloch transformation. 
We do not consider them here. For that reason, two distinct chiral symmetries, 
two distinct time reversal symmetries, or two distinct particle hole symmetries will 
not be considered, as their product would be an ordinary symmetry. Note that 
the product of a time reversal symmetry together with a particle hole symmetry 
(which commute) yields a chiral symmetry and we may as well describe the same 
situation by saying that we have a time reversal symmetry and a chiral symmetry 
(which commute). We thus have the following combinations: 

• no symmetry 

• chiral symmetry 

• time reversal symmetry 
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• particle hole symmetry 

• chiral symmetry and time reversal symmetry which commute (and hence 
also, by taking their product, particle hole symmetry). 

Now it is a very suggestive guess that the first case is described by an ungraded 
complex C^-algebra, the second by a graded complex C'*-algebra, the third and the 
fourth by an ungraded C'*’^-algebra, and the last case by a graded C'*’^-algebra. 
This is indeed what happens, but with slight twists which bring in the various 
different i^„-groups. 

6.2. Rough classification. Under minimal assumptions we get the classihcation 
of topological phases by C'*-algebras as displayed in Table 3 which we explain 
below. 

6.2.1. No symmetry. We have discussed the case of no symmetry above under the 
assumption that A is unital; The relevant algebra is the trivially graded complex 
C'*-algebra A but to apply the unifying framework of van Daele ii"-theory in which 
insulators correspond to odd self-adjoint elements we employed the trick to extend 
the algebra to A (g) C/i graded by id ® (p. This leads to the ii'-group 

DK{A (8) Oi, id O 0) = Ko{A, id) ^ KUo{A). 

A non-unital algebra does not contain any invertible elements and so the above 
cannot just be applied to non-unital algebras. But we can argue as follows: Let 
h G A be a self-adjoint element in the non-unital C'*-algebra A whose minimal 
unitization we denote by A~^. Recall that all JL-groups of A are dehned as the 
kernel of the map induced on iL-theory by the projection tt : A'^ —)■ C (or M 
in the real case). Suppose that h has a gap at /i. fi can’t be 0. The spectral 
projections P<^{h) and P>^{h) on the spectral part below and above /i belong 
to A~^, as these projections are continuous bounded functions of h. Furthermore, 
TT applied to a projection in A~^ is either 1 or 0, in fact it is 0 iff the projection 
belongs to A. Since 1 = •n{P<^{h) + P>^{h)) = 7r(P<^(/i)) + ’n{P>^{h)) we see that 
either P<^{h) or P>^(h)) belongs to A. We will assume that P>^{h)) belongs to 
A, otherwise we work with —h instead of h. Let h = sgn{h — /i), the spectrally 
flattened Hamiltonian shifted in energy such that the gap is at 0. Then h = 
P>,(h) — P<n{h)) and 7i{h) = -|-1. It follows that the element in iFo(A’'“, 7 ) dehned 
by h (8) (1, —1) G A'^^Cli lies in the kernel induced by tt and hence in Kq{A, 7). 

6.2.2. Chiral symmetry. If the insulator has only chiral symmetry then it is most 
natural to consider the associated algebra as a graded complex U^-algebra (A, 7) 
the grading being given by the chiral symmetry. Indeed, the odd self-adjoint 
unitaries of A are then precisely the battened insulators with chiral symmetry. The 
classification of extended topological phases of insulators with chiral symmetry is 
thus given by the group 


PP(A,7) = Ad(A,7). 
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Again the above argument requires that A is unital, as we worked with invertible 
elements. But now we cannot argue for the non-unital case as above, because if h 
has chiral symmetry, h — fi has no longer chiral symmetry. We will see that this 
situation can be improved if we have an inner grading. 

We should also mention that chiral symmetry is incompatible with strictly pos¬ 
itive spectrum and hence there is no trivial insulator with chiral symmetry. The 
classihcation of extended topological phases with chiral symmetry remains there¬ 
fore relative. 

6.2.3. Time reversal symmetry. If the insulator has only time reversal symmetry 

then it is most natural to consider the associated algebra to be a trivially graded 
C'*’'’-algebra {A, 1) the real structure being given by the time reversal symmetry. 
We overcome the apparent difficulty that this algebra has no odd elements by the 
same trick as above: We consider (A(8)C/i, id®*/*, t0c) and identify the Hamiltonian 
h with the odd element h(8)(l, —1) G A(g)C/i. Since t(8)c(h®(l, —1)) = h(8)(l, —1) 
we see that this element lies in the real subalgebra {A 0 Therefore, the 

classihcation of extended topological phases of insulators with only time reversal 
symmetry is given by the group 

DK(A 0 Ch, id b,i) = J^o(A\id) ^ KOo(A^). 

Again the above direct reasoning needs a unital A, but it is easily seen that the 
non-unital case can be handled in exactly the same way as the case where there is 
no symmetry at all, because if t(h) = h then also t{h — fi) = h — fi. Hence the class 
of the spectrally battened shifted Hamiltonian h — fi belongs to KOo{A^) also in 
the non-unital case. 

6.2.4. Partical hole symmetry. If the insulator has only particle hole symmetry 
then we consider again a trivially graded C^’^-algebra (A,p) which we extend to 
{A 0 C/i,id (8) 0). But this time we use another extension of the real structure, 
namely we choose the extension p (8) lo,i = p <8) 0 o c. Indeed, this extension absorbs 
the minus sign in the behaviour of the insulator under PHS: if we identify the 
Hamiltonian h with the odd element h 0 (1, —1) G A (8) Oi then p 0 (p o c{h 0 
(1, —1)) = —h 0 (—1,1) so that h 0 (1, —1) belongs to the real subalgebra (A 0 

Therefore, the relevant algebra is (A 0 C/i,id 0 (j),p 0 lop) and the 
classification of extended topological phases of insulators with only particle hole 
symmetry is given by the group 

DK{A 0 C/i, id (8) 0, p (8) lo,i) = DKiA'^ 0 C'/op, id (8) 0) = K 2 {A\ id) ^ K02{A^). 

As in the case of chiral symmetry we can’t work here with a non-unital algebra 
neither is there a trivial insulator with particle hole symmetry, as p{h — fi) = 
— h — fi ^ —{h — fi). 
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6 . 2 . 5 . Chiral symmetry and time reversal symmetry. If the insulator has both, 
chiral symmetry 7 and time reversal symmetry t (which commute) then it is most 
natural to consider [A, 7, t) as the relevant algebra. Indeed, the odd t-invariant 
self-adjoint unitaries of A are then precisely the flattened insulators with chiral 
symmetry and time reversal symmetry. The classihcation of extended topological 
phases of such insulators is thus given by the group 

DK{A,^A)=KM\l)- 

Also in this case we have to assume A to be unital, except, see below, in the case 
that the chiral symmetry is inner. 

Table 3 . Rough classihcation of topological phases. 


Symmetries 

graded algebra 

real sub algebra 

iF-group 

none 
chiral 7 

(A(8)Oi, id{8)st) 

U,7) 

not applicable 
not applicable 

KUo{A) 

KM.l) 

TRS t 

PHS p 

chiral, TRS 7, t 

(A(g)Oi, id(8)st, t(8)li,o) 
(A(8 )Oi, id(8)st, p(8)lo,i) 
(kl, 7 ,t) 

{A^^Cli^o, id(8)st) 
(AP(g)G/o 1, id(8)st) 

iA\l) 

KO,{A^) 

K 02 {A^) 

iFl(A^ 7 ) 


6 . 3 . Classification w.r.t. a reference real strnctnre. A hner classihcation of 
insulators with real symmetry arrises if we take into account the relative signs of 
the symmetry w.r.t. a reference real structure. From the mathematical point of 
view this is a bit ad hoc and the reference real structure (which we denote by f) can 
be any real structure to which the real structure of the symmetry is inner related, 
but for physical reasons we think of f as the complex conjugation dehned via the 
physical representations of A, that is, f is given by (8). Recall that this is only 
possible for vanishing or very special external magnetic helds, something which is 
not too surprising as magnetic fields tend to break time reversal symmetry. 

For the below classihcation we make the assumptions needed for Thm. 4 . 13 . 

(HI) The Gelfand spectrum of the center of the multiplier algebra of the ob¬ 
servable algebra is connected. Equivalently, this center contains no other 
central projections then 0 and 1 . We argued that this is the case for sys¬ 
tems for which the space of conhgurations hi (or X) has a dense orbit, which 
is the case for crystalline models and ought to be the case for disordered 
systems. 

(H 2 ) There is a reference real structure f to which time reversal symmetry (or 
particle hole symmetry, in case there is no time reversal symmetry) is inner 
related, that is, r = Ade o for some homogeneous unitary 0 in the mul¬ 
tiplier algebra of the observable algebra. This unitary has hnite spectrum 
or, if f* acts trivially on the center, the complement of its spectrum in 
contains two points ±z. 
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These conditions imply in particular that the signs of the real structures are well 
dehned. 

Definition 6.2. A real symmetry r is called even (odd) if the relative sign rj^^^ to 
the reference structure f zs +1 (—I)- 

This dehnition is justihed by the fact that, if f is dehned via ( 6 ) and r = Ad© o f 
then = ( 7 r( 0 )C)^ which is the usual dehnition of even and odd symmetries. The 
hrst of the two signs, has thus the interpretation of parity of the symmetry. 

We will see that rj^) is of a similar nature, provided the grading is inner. 

In the case with chiral symmetry we may assume that the graded real structure 
( 7 , t) (and hence also ( 7 ,f)) is balanced, because otherwise there would be no 
insulator. We obtain Table 4 the results following directly from Thni. 4.13(1). 

Table 4. Classihcation for insulators with chiral and real symmetry 
relative to a reference structure f. 


Wf 

real subalgebra 

JCgroup 

(+ 1 , + 1 ) 

(^^7) 

JC(A07) 

(+ 1 ) “ 1 ) 

(Af°'^ 0 CZ 2 ,o ,7 <8 st) 

JWi(A^°^ 7 ) 

(“ 1 ; + 1 ) 

(^*" 0111,7 0 id) 

K,{Af^) 

(- 1 ,- 1 ) 

(Af°'^ 0 CZo, 2,7 C) st) 

K3{A^°\i) 


In the absence of chiral symmetry A is trivially graded and we have to consider 

/o\ 

A 0 C/i with graded real structure (id 0 0, r 0 s). If follows that 7 ) j = +1. The 

hrst sign is the parity of the symmetry. We summarise the results in Table 5, 
they follow directly from Thm. 4.13(2). 

Table 5. Classihcation for insulators with one real symmetry rela¬ 
tive to a reference structure f (no chiral symmetry). 


symmetry 

yrr 

5 

real sub algebra 

JP-group 

TRS even 

+1 

ll ,0 

(Af 0 C/i,o, id 0 st) 

KOo{A^) 

TRS odd 

-1 

ll ,0 

(Ai 0 C/o, 3 ,, id 0 st) 

KOi{A^) 

PHS even 

+1 

to,l 

(Ai 0 C/o,i, id 0 st) 

~KO^(W 

PHS odd 

-1 

lo,l 

(Ai 0 C/ 3 ,o, id 0 st) 

KOe{A^) 


6.4. Classification of inner chiral symmetry. Recall that a chiral symmetry is 
called inner if it is a symmetry of the form 7 = Adr for some self-adjoint unitary T. 
This is the case usually considered in physics. Indeed, usually chiral symmetry is 
implemented on the Hilbert space through conjugation with a self-adjoint unitary 
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r. If we think of A as being represented non-degenerately and faithfully on the 
Hilbert space "H via vr then conjugation with a self-adjoint unitary F G H('H) 
induces an order two automorphism on A, provided that the conjugation preserves 
7r(H). What we suppose here is that r7r(a) and 7r(a)r belong to 7r(A) for all a E A. 
Then F is an element of the multiplier algebra of A. 

Again we assume that the grading is balanced (otherwise there would not be an 
insulator), that is, there is an odd selfadjoint unitary e. 

The presence of inner chiral symmetry has several consequences. First, van 
Daele’s JFj(A, 7 ) or 7 ) can be related to standard JFO-groups, second we 

can dehne and work with the compression of A onto the positive spectral part 
of F. This will allow us to consider also non-unital A. 


6.4.1. Only inner chiral symmetry. Recall that insulators which have chiral sym¬ 
metry are described by a graded complex C'*-algebra (A, 7 ). If the grading is 
inner then, by Prop. 5.6, the classihcation of extended topological phases of such 
insulators is given by the group 


K,{A,i) = KUM)- 


Furthermore, by Prop. 3.5, (A, 7 ) = (A_|__|_ ( 8 ) O 2 , id < 8 ) st) and the grading operator 
P allows us to treat the case of non-unital algebras. Suppose that A is non-unital 
but that h is an invertible element of the algebra A^ generated by A and F, which 
is certainly unital. This algebra contains the projections n_|_ and n_ and assuming 
that the grading is balanced it is easy to see that the isomorphism Tg from Prop. 3.5 
extends to an isomorphism between (A^,Adr) and (M 2 (A^_,_), Ado-^) where A^_,_ 


is the minimal unitization of A_|__|_. It identihes h with 4/e(h) = 


0 Qe{h) 
^Qe{hy 0 

where Qe{h) = n_|_ehn+. Let h = sgn(h) and denote by tt the projection A~^_^_ C 

~ f Q z 

extended to 2 x 2-niatrices. Then 7 r(\ke(h)) = 


8 0 


for some complex number 


2 ; of modulus 1. This matrix is homotopic to ax inside the set of odd self-adjoint 
unitaries. If we take e = ax a-s base point we see that [ 7 r(\ke(h))] represents the 
trivial class in DK^CO, st) and hence [h] G DK^A^^ 0 C/ 2 , id (8) st) = KUi{A). 


6.4.2. Inner chiral symmetry and time reversal symmetry. Recall that insulators 
which have inner chiral symmetry and time reversal symmetry are described by a 
graded C'*’^-algebra (A, 7 , t). If the grading is inner we have two possibilities which 
are subject to Thm. 3.10: either the grading operator is time reversal invariant - 
we said that in this case 7 is a real inner grading - or it is anti-invariant - the case 
of an imaginary inner grading. 

In the first case, t(P) = P, we apply Prop. 5.7 to see that extended topological 
phases are classihed by 

DR(A, 7 ,t) = iFi(A‘,id) ^ iFOi(A'). 
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The same argument as for complex inner chiral symmetry allows us to treat the 
case in which we have a non-unital algebra with a real inner grading. Indeed, by 
Thm. 3.10 (3+) we have {A, 7 , t) = (A++ ( 8 ) C/ 2 , id 0 st, ( 8 ) ti,i) and so we can 
identify h with the odd element Te(/i) of A^_,_( 8 )C/ 2 . Time reversal invariance now 

/q 2 ;^ 

means t++, 2 ( 7 r(Te(h.))) = 7 r(Te(h.)) and hence 7 r(\he(/j)) = ( ^ g 


for = ±1. We 


may assume the positive sign, 7 r(Te(/?.)) = Ua,, otherwise changing h to —h. In that 
case [h] G KOi{A^). 

In the case of inner chiral symmetry with time reversal anti-invariant generator, 
t(r) = —T, Prop. 5.7 yields 

ZliP( 8 l, 7 ,t) = K_i{A\ id) = iPO_i( 8 l‘). 

Also in this case a non-unital algebra can be handled. The arguments are 
parallel, except that now (A, 7 ,!) = (A_|_+ ( 8 ) C/ 2 , id ( 8 ) st, (Ade o t)++ ( 8 ) 12 , 0 ) and 
time reversal invariance means (Ado-,^ o 2 (vr(\he(/i))) = 7r(Te(/j)). Contrarily 
to the real inner graded case time reversal invariance does not put any further 

'0 .2" 


restriction on 7r(Te(/i)) = 


0 


so that we can conclude as in the complex case 


that [h] G iPO_i(A‘) for non-unital A as well. 
We summarize these results in Table 6 . 


Table 6 . Classihcation for insulators with inner chiral symmetry. 
Here t = Ade ° t- 


Symmetries 

graded algebra 

real subalgebra 

iP-group 

only inner chiral 

(A++( 8 )C/ 2 , id( 8 )st) 

not applicable 

KUfiA) 

real inner chiral 
imag. inner chiral 

(A++( 8 )C/ 2 , id( 8 )st, 

(A++( 8 )C/ 2 , id( 8 )st, t®[ 2 ,o) 

(A^^_^( 8 )C/iq, id( 8 )st) 
( 8 )C/ 2 , 0 , id( 8 )st) 

KOfiA') 

KO.fiA') 


6.4.3. Classification of inner chiral symmetry w.r.t. a reference structure. We dis¬ 
cuss the cases in which the chiral symmetry 7 is inner and there is time reversal 
symmetry which is inner related to a reference structure f. We assume that there is 
an f-invariant odd self adioint unitary e in A4(A) and furthermore the conditions 
HI and H2.® 

The grading is inner, that is, 7 = Adr, with T^ = 1 . The time reversal symmetry 
is inner related to f, i.e. t = Ad© o f, for a homogeneous unitary 0. Therefore the 
particle hole symmetry p := 7 o t can be written 

p = Adre o f 

®Note that the existence of e is equivalent to the existence of a t-invariant self adjoint unitary, 
as Ade(e) is Ad© o f-invariant if and only if e is f-invariant. 
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and hence we see that its parity relative to f is 

rj",' = renre) = ref(r)e-‘ ef(e) = rt(r),«. 

Since rt(r) = ibl depending on whether the grading is real or imaginary inner (for 
the real strnctnre t), we see that the parity of PHS eqnals to the parity of TRS 
provided the grading is TRS invariant, and opposite otherwise. Fnrthermore 


f(r)r = f(r)r,,‘y 


Thns if f preserves the grading operator then is the parity of PHS. If f is 

dehned by (6) then f(r) = TP means that vr(r) is a real or an imaginary operator. 


We treat hrst the case that 0 is even. We apply Thm. 4.13 to obtain 

(M 4 (H), 74 ,t 4 ) = (M 2 (H), 72 ,f 2 )^(M 2 (C),id,r') 

where P = if 17^^^ = +1 and x' = [0,2 if Next we apply Thm. 3.10 to 

obtain 

(M2(H), 72, f2)0(Tf2(C), id, P) = {A, id, f)®(C/2, st, P')(8)(M2(C), id, P) 

= (H,id, f)( 8 )(C/ 4 ,st, T) 

where P' = if f(r)r = 1 and P' = [ 2,0 if f(r)r = —1 and I' depends on P, P' 
and can be determined by Lemma 3 . 2 . This yields the following table in which we 
inclnde the real snbalgebra and the iP-gronp. Recall that 0 is even for that table 
and thns t(r)r = f(r)r. 


t(0)0 

f(r)r 

P 

P' 

1' 

real snbalg. 

iP-gronp 

+1 

+ 1 

^1,1 

h,i 

l2,2 

A^ ® CI2 2 

iPOi(Ai) 

+1 

-1 

^1,1 

h,o 

Is.i 

Ai 0 C/3,1 

iPO_i(Af) 

-1 

-1 

lo,2 

h,o 

ll ,3 

Af 0 C/1,3 

iP03(Af) 

-1 

+ 1 

lo,2 


lo ,4 

Ai 0 C/0,4 

iPOs (Af) 


We now consider an odd generator 0 . Thm. 4.13 yields now 

(M2(H), 72,12) = (H,7,f o7)®(a2,st,P) 

where P = [2,0 if ht = +1 and P = [0,2 if = “ 1 - Note that s := f o 7 = Adr o f 

/ 0 ie\ 

is inner related to f with signs 7^^ = (rf(r), + 1 ). Note that ^ = ( ^ 1 is an 

s-invariant odd self adjoint nnitary in the mnltiplier algebra of M2 (A). We may 
therefore apply Thm. 4.13 to (M2(A), 72,32) to obtain 

(M2(A), 72, (f o 7)2) = (A, id, f)(8)(02, st, P') 
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with r" = h i if rf(r) = +1 and r" = [ 0,2 if rf(r) = —1. Hence 

(M 4 (H), 74 , 14 ) ^ (H, 7 ,f 0 7 )(g)(O 2 ,st,r")®(O 2 ,st,r') 

= (H,7,f O7)(g)(04,st, 0 

with {' depending on x" and r'. We snmmarize the resnlts for odd 0 in the following 
table. 


t( 0)0 

t(r)r 

f(r)r 

r' 

r" 

1 ' 

real snbalg. 

JCgronp 

+1 

+ 1 

-1 

^2,0 

lo,2 

12,2 

® CI2 2 

KOi{A) 

+1 

-1 

+ 1 

l2,0 

^1,1 

Is,! 

Af 0 C/3,1 

KO-i{A) 

-1 

-1 

+ 1 

lo,2 

^1,1 

ll ,3 

Af 0 C/1,3 

KOs{A) 

-1 

+ 1 

-1 

lo,2 

lo,2 

to ,4 

A 0 C/0,4 

KO^iA) 


We observe that the ii'-gronp of the graded real snbalgebra depends only on 7 )^ 
and t(r)r, or eqnivalently on the parities of the real symmetries. We snmmarize 
onr resnlts in Table 7. (The grading is called real, if it is TRS invariant.) 

Table 7. Classihcation for insnlators with balanced inner chiral 
symmetry and real symmetry relative to a reference strnctnre f. 


TRS 

PHS 

grading 

Af 

t(r)r 

JP-gronp 

even 

even 

real 

+1 

+ 1 

KOi{A) 

even 

odd 

imag. 

+1 

-1 

KO_i{A) 

odd 

even 

imag. 

-1 

-1 

KOs{A) 

odd 

odd 

real 

-1 

+ 1 

KO,iA) 


6.5. JWgroups for tight binding models with real symmetry. As an appli¬ 
cation we consider the A'-gronps of the observable algebra A = C{X, Mn{C)) xi^Z'^ 
and its real snbalgebra = C{X,Mn{M.)) xi„ for tight binding models with 
real symmetry. By stability of the A'-fnnctor we may assnme that n = 1. 

The general techniqne to determine the A'-theory of a crossed prodnct H Xq,Z is 
by means of the Pimsner Voicnlescn exact seqnence [19] which has been adapted 
to the real case in [24]. This is a 6 -term or a 24-term exact seqnence in complex 
or real iP-theory, respectively, and can be cnt into 2 or 8 short exact seqnences, 
for each degree i one. 

(12) 0 ^ CaKi{B) Ki{B x„ Z) 4 IaKi_i{B) 0. 

Here Ki{B) = Ki{B,id) is either complex or real i7-theory for the nngraded 
complex or real C^-algebra B. Fnrthermore Ca is the coinvariant fnnctor, that is, 
for a niodnle M with Z-action a, C^M = M/ is the qnotient of M by elements 
of the form m — a{m), and the invariant fnnctor, I^M := {m G M : a{m) = 0}. 
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In our case A can be written as an iterated crossed product: the Z'^-action a is 
given by d commuting Z-actions ai, ■ ■ ■ , and A = C{X) Z ■ • • Z. We 
thus need to iterate the above d times to obtain the i^-theory of A. This becomes 
quickly complicated, in particular as lajCai^M need not to be the same as Ca^Ia^M 
and that the exact sequence (12) may not split into a direct sum. However we can 
make some general remarks. 

1) If X is totally disconnected, which is true in our case since we assumed that 
our conhgurations have hnite local complexity, then Ki{C{X,¥)) = C{X, Ki{¥)) 
where F = C or F = M. This follows from the fact that compact totally discon¬ 
nected spaces are inverse limits of hnite discrete spaces and the continuity of the 
K functor. Under this isomorphism the action of lA on Ki{C{X,¥)) corresponds 
to its action on X. 

2) If X contains a dense orbit then IaC{X^Ki{¥)) = Ki(¥). 

3) After d fold application of (12) the composition of the quotient maps 6j, 
j = 1, - ■ ■ , d, is a surjective map 

d = hd O ... O di ; Ki{C{n, F) x„ Z'")) ^ I^C{X, 

An insulator h dehnes and element [h] of KUi{C{^,C) x^.Z'^) or KUi{C{Q,,M.) Xq, 
Z'^) with degree i depending to its symmetry (see Table 5,7). The strong invariant 
of h is 6[h] G IaC{X, We list below in the case that X has a dense orbit 

the group I = IaC{X, Ki_d{¥)) of strong invariants. This table can be compared 
with the the famous periodic table established in [23, 13]. 

Table 8. The group I of strong invariants for d-dimensional tight 
binding models. 


TRS 

PHS 

/ 

even 

- 

KO,{R) 

odd 

- 

m-d(K) 

- 

even 

K02-dm 

- 

odd 


even 

even 

i^Oi d(R) 

even 

odd 

KOj.A^) 

odd 

even 

m-d(K) 

odd 

odd 

m-d(K) 


4) The quotient map 6 of (12) has a right inverse which is essentially given by the 
Bott map [19]. Thus its pre-images may be computed. In the Kane-Mele model, 
or any other two dimensional with odd TRS and no PHS the group of strong 
invariants is J = K02{¥.) = Z 2 (dense orbit assumed). Its generator corresponds 
to the Bott projection over the 2-sphere, twice the Bott projection being trivial in 
real the iP-theory of the sphere (but not in the complex iP-theory). 
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5) For periodic models (band models) X is a single point and the action triv¬ 
ial. The above calcnlation compntes then the complex and real iFj-gronp of the 
Brillonin zone with i as in the tables. The gennine Bott map is then a right 
inverse to S and the preimage of I corresponds to the JFj-gronp of the d-sphere. 
This is the invariant Kitaev describes as 7ro{Ri-d), the "non weak" invariant [13]. 

6) The periodic table of insnlators established in [23, 13] can also be obtained 

in the context of models described by differential operators (continnons mod¬ 
els), that is, from the algebra A = Mn{C) Xjd which arises if hi is taken 
to be a point and there is no magnetic field, again with reference real strnctnre 
f{F) = F (from Section 4.3). Indeed, the Fonrier transform yields an isomorphism 
(M„(C) f) = (Co(M'^, M„(C)), r) where r(F(/c)) = c{F{—k)). Fnrthermore 

Co(M'^, M„(C))' is the n-fold dnal snspension of M„(R) [24] and therefore 

KO,{A^) ^ XO,(Co(M",M„(C))^) ^ XO,_d(M). 
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